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Abstract

We study in this paper randomized constructions of binary linear
codes that are invariant under the action of some group on the bits
of the codewords. We study a nonabelian randomized construction
corresponding to the action of the dihedral group on a single copy of
itself aswell asa randomizedabelian construction basedon the action
of an abelian group on a number of disjoint copiesof itself.

Cyclic codes have been extensively studied over the last 40 years.
However, it is still an open question as to whether there exist asymp-
totically good binary cyclic codes. We argue that by using a slightly
more complex group than a cyclic group, namely the dihedral group,
the existenceof asymptotically good codesthat are invariant under the
action of the group on itself can be guaranteed. In particular, we show
that, for in�nitely many block lengths, a random ideal in the binary
group algebraof the dihedral group is an asymptotically good rate-half
code with a high probabilit y.

We arguealsothat a random code that is invariant under the action
of an abelian group G of odd order on k disjoint copiesof itself satis�es
the binary (GV) Gilbert-Varshamov bound with a high probabilit y for
rate 1=k under a condition on the family of groups. The underlying
condition is in terms of the growth of the smallest dimension of a
nontrivial F2-representation of the group and is satis�ed by roughly

� This research was supported by NSF grant CCR-0112487,ARO grant DAAD19-00-1-
0466, NSF:KDI grant ECS-9873451,and ARO grant Brown Univ ersity subcontract 654-
21256.

yDepartment of Electrical and Computer Engineering, AUB, Beirut, Lebanon. E-mail:
Louay.Bazzi@aub.edu.lb.

zLaboratory for Information and Decision Systems,Department of Electrical Engineer-
ing and Computer Science,MIT, Cambridge, Massachusetts. E-mail: mitter@mit.edu.

1



most abelian groups of odd order, and speci�cally by almost all cyclic
groups of prime order.

Keywords: abelian codes, dihedral group, group actions, group al-
gebra, probabilistic method, quasi-cyclic codes.

1 In tro duction

Linear codes that are symmetric in the senseof being invariant under the
action of some group on the bits of the codewords have been studied ex-
tensively before. However, we still know very little about how the group
structure can be exploited in order to establish bounds on the minimum
distance or to comeup with decoding algorithms.

One exampleof such codesare codesthat are invariant under the action
of some group on itself. When the group is cyclic these are cyclic codes.
Another example is when we have a group acting on more than one copy of
itself. When the group is cyclic theseare quasi-cyclic codes.

1.1 Preliminaries

1.1.1 Binary linear codes

Unless otherwise speci�ed, by a code, we mean a binary linear code. The
minimum distance of a binary code is the minimum Hamming distance
between two distinct codewords or equivalently the minimum weight of a
nonzerocodeword sincethe code is linear. Its minimum relative distance is
its minimum distance normalized by the block length. Its rate is the binary
logarithm of the code size normalized by the block length. By a binary
code we mean implicitly an in�nite family of binary codes indexed by the
block length. We do not require that each positive integer be a block length,
we simply require that there are codes in the family of codes of arbitrarily
large block length. The rate (minimum relative distance, respectively) of the
family of codes means the lim-inf of the rate (minimum relative distance,
respectively) of a code in the family as the block length tends to in�nit y.
An in�nite family of codes is called asymptotically good if both its rate and
its minimum distance are strictly positive. This is equivalent to saying that
the fraction of redundancy added is bounded by a constant, and the min-
imum distance of the code grows linearly with the block length. We say
that a family of codesof rate r and minimum relative distance � satis�es or
achievesthe binary GV (Gilbert-Varshamov) bound if r � 1 � h(� ), where
h is the binary entropy function, i.e., h(x) = � x logx � (1 � x) log (1 � x).
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By abuseof notation, when asymptotic statements are made, a code means
implicitly an in�nite family of codes. For instance, \an asymptotically good
code" means\an asymptotically good in�nite family of codes", and \a code
satisfying the GV bound" means\an in�nite family of codessatisfying the
GV bound". See[7, 12] for a generalbackground.

1.1.2 Finite semisimple rings and group algebras

We assemble in this sectionsomebasicpropertiesof �nite rings with identit y
and group algebrasthat we are going to uselater. See[1, 4, 9].

Let R be a �nite ring with identit y.
A nonzero left ideal of R is called irr educible or minimal if it is not the

direct sum of two nonzeroleft ideals of R.
The ring R is called simple if it has no proper two-sided ideal. Every

simple ring R is isomorphic to a matrix algebra M d(K ) over some �nite
�eld K , where the matrix algebra M d(K ) is the K -algebra consisting of all
the d � d matrices over K . In a simple ring, all the nonzero irreducible left
idealsare isomorphic. Moreover, if R is a simple ring isomorphic to M d(K ),
then R can be expressedas a direct sum R = � d

j =1 Rj , where the Rj are
irreducible left ideals. The decomposition is not unique unlessd = 1.

The radical of R is the intersection of all the maximal left (or, equiva-
lently, right) ideals of R. The radical of R is a two-sided ideal. A (left or
right) ideal I is called nilpotent if I n = (0) for someinteger n. The radical of
R contains all the nilp otent (left and right) ideals of R, and it is the largest
nilp otent ideal of R

The ring R is called semisimple if its radical is zero. A simple ring is
semisimple. Every semisimplering R is the direct sum R = � i Ri of two-
sided ideals that are simple as rings. Moreover the decomposition is unique,
and Ri Rj = 0 for all i 6= j .

Let G be a �nite group and F a �nite �eld. The group algebra F [G] of
G over F is the F -algebraconsistingof formal sumsof the form

P
g2 G f (g)g

over F , where f : G ! F .
The group algebra F [G] is semisimpleif and only if the characteristic of

F doesnot divide the order of G.

1.1.3 Group action codes

A binary linear code invariant under the action of a group is de�ned as
follows. Consider an action � of a �nite group G on a �nite set S, and say
that a (binary F2-linear) code C is � -invariant if it satis�es the following.
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Let M be the jSj-dimensional F2-vector spacewritten as the set of formal
sums

P
s2 S f (s)s, f : S ! F2. Consider the induced action of G on M by

(say left) translation g : f (x) 7! f (gx). Then we say that C is � -invariant
if C is a subset of M closedunder addition and under translation by the
elements of G. In other words, C is � -invariant if C is an F2[G]-submodule of
M (again with the left multiplication convention). Note that if

P
s2 S f (s)s

is an element of C, then the vector representation of the corresponding
codeword is (f (s)) s2 S. Note also that when talking about the asymptotic
propertiesof a group action code, we implicitly meanthat wehavean in�nite
family of group actions f � ngn2 I , with the group Gn acting on the set Sn via
� n . The family is indexed by the block length n = jSn j of the � n -invariant
code Cn .

1.2 Literature on group action codes

1.2.1 Cyclic and abelian codes

Binary abelian codes are invariant under the action of an abelian group G
on a single copy of itself, i.e., they are ideals in the binary group algebra
F2[G]. Cyclic codescorrespond to the special casewhen G is cyclic. These
codes, and speci�cally cyclic codes, have beenextensively studied over the
last 40 years. Seefor instance[14]. However, the existenceof asymptotically
good binary cyclic or abelian codes in general is still an open question.

1.2.2 Co des in the binary group algebra of the dihedral group

These codes are invariant under the action of the dihedral group D m on
itself, i.e., they are ideals in the binary group algebraF2[Dm ]. The Dihedral
group Dm contains 2m element. It is generatedby � and � subject to the
relations � 2 = 1, � m = 1, and �� = � � 1� .

Codesin the binary group algebraof the dihedral group were intro duced
by MacWilliams [11] in the setting of self dual codes. As far as we know,
nothing was known before our work about their asymptotic distance prop-
erties.

1.2.3 Quasi-cyclic codes

Quasi-cyclic codes are invariant under the action of a cyclic group on k
disjoint copiesof itself, i.e., they are F2[Z=mZ]-submodules of F2[Z=mZ]k .

Quasi-cyclic codes were �rst studied by Chen, Peterson, and Weldon
[2] in the setting when m = p is prime. The result in [2] says that if 2
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is primitiv e root of p (i.e., 2 generatesF�
p ), a random quasi-cyclic code,

i.e., an F2[Z=pZ]-submodule of F2[Z=pZ]k generated by a random element
of F2[Z=pZ]k , achieves the GV bound with a high probabilit y. Without
assumingthe ERH (Extended RiemannHypothesis),it is not known whether
there are in�nitely many primes with the above property. A later result by
Kasami [5] shows that if instead of working in Z=pZ, we work in Z=pl

0Z,
where l can vary and p0 is �xed to the largest known prime such that 2 is a
primitiv e root of p0, a random quasi-cyclic code achieves a slightly weaker
bound than the GV bound.

A subsequent work by Chepyzhov [3] shows that in the cyclic prime case
the condition in [2] that requires2 to be a primitiv e root of p can be relaxed
to requiring that the size of the multiplicativ e group generatedby 2 in F �

p
grows faster than logp and hencethe Extended Riemann Hypothesiscan be
avoided as it is not hard to show that there are in�nitely many such primes.

1.2.4 Quadratic residue codes

Let p be a prime such that 2 is a quadratic residue, i.e., p = � 1 (mod 8).
Consider the decomposition xp � 1 = (x � 1)q(x) �q(x) over F2 where q(x) =
Q

i 2 Q(x � � i ), q(x) =
Q

i 2 �Q(x � � i ), Q is the set of quadratic residuesmodulo
p, �Q = F�

p nQ, and � is a primitiv e p'th root of 1 in an extension �eld of F2.
Binary quadratic residuescodesare the ideals of F2[Z=pZ] = F2[x]=(xp � 1)
generatedby one the polynomial q(x), �q(x) or one of their products with
the polynomial x � 1.

Other than being cyclic codes,thesecodesare invariant under the action

of the subgroup
� �

a �
0 a� 1

��

a6=0
of PSL 2(Fp) on Fp by a�ne transforma-

tions. They are also extendible from Fp to Fp [ f1g in such a way they are
invariant under the action of PSL 2(Fp) by fractional linear transformations
on Fp [ f1g . See[7, 17, 14].

It is not known if binary quadratic residuecodescan be asymptotically
good.

1.2.5 Cayley graphs codes

Sipser and Spielman [16] constructed explicit binary asymptotically good
low density parit y check codesbasedon the explicit constructions of Cayley
graphs expandersof Lubotzky, Phillips, and Sarnak [10], and Margulis [8].
The underlying Cayley graph group is PSL 2(Fp), p prime. Thesecodesare
realized as unbalanced bipartite graphs in such a way that the codewords
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are de�ned on the edgesof the Cayley graph. They are invariant under the
action of PSL 2(Fp) on more than one copy of itself.

1.3 Summary of Results

1.3.1 Asymptotically good codes in the group algebra of the di-
hedral group

The most natural classof group action codes are those that are invariant
under the action of a group G on itself, i.e., thosethat are idealsin the binary
group algebra F2[G] of a group G. The casewhen G is cyclic (respectively,
abelian) correspondsto the caseof cyclic (respectively, abelian) codes. Such
codes are very well studied. As mentioned before, yet it is still an open
question whether there exist asymptotically good cyclic or abelian codes.
The casewhen G is nonabelian wasstudied and introducedby MacWilliams
[11] in the setting of the dihedral group D m . However, it wasnot noted that
this group algebra contains asymptotically good codes.

Our result in Section3 says that if we usea slightly stronger group than
a cyclic group, and namely the dihedral group, the existenceof asymptoti-
cally good codescan be guaranteed in the group algebra. In particular, we
show that for in�nitely many m, a random ideal in F2[Dm ] is an asymp-
totically good rate 1=2 binary code. The �rst condition we need on m is
that the smallest size of the multiplicativ e group generatedby 2 in F�

p as
p runs over the prime divisors of m (or equivalently the smallest dimension
of a nontrivial F2-representation of Z=mZ) grows asymptotically faster than
logm. We require also for simplicit y another condition and we argue that
it is satis�ed by all the primes p = � 5 (mod 8). By random here we mean
according to somespeci�c distribution, basedon the F2-representations of
Dm , that we specify later. The implicit bound on the relative minimum
distance is h� 1(1=4), where h is the binary entropy function.

As far as we know, this is the �rst provably good randomized construc-
tion of codes that are ideals in the group algebra of a group. We do not
know if it waspreviously known that there exists asymptotically good codes
that are ideals in the group algebra of a group.

We leave the corresponding analysis till the end since it is basedon the
analysis of the quasi-abelian casethat we overview next.

1.3.2 Quasi-ab elian codes up to the GV bound

Rather than consideringthe action of a group G on itself, one can consider
the action of G on k disjoint copy of itself. This means looking at codes

6



that are F2[G]-submodules of F2[G]k . When G is cyclic, these are quasi-
cyclic codes.

We consider the casewhen G is an abelian group of odd order. Our
result in Section 2 is that if the dimension L(G) of the smallest irreducible
F2-representation of G grows faster than logarithmically in the order of the
G, then an F2[G]-submodule of F2[G]k generatedby a random element of
F2[G]k achieves the GV bound at rate 1=k with a high probabilit y. Here
random meansalmost uniformly in a suitable sensethat we specify later.
Roughly, almost all abelian groupsof odd order satisfy the above condition.
This includes almost all cyclic groups of prime order. Since G is abelian,
L (G) depends only on the order of G, and it is the smallest size of the
multiplicativ e group generated by 2 in F�

p , where p runs over the prime
divisors of m.

Comparing our result with the existing literature on quasi-cyclic codes
surveyed in Section 1.2.3, we see that the innovation in our result is in
the fact that it holds for abelian groups that are not necessarilycyclic of
prime order which has the advantage of supplying more block lengths. Our
condition on the order of the group is a generalization of the condition of
Chepyzhov [3] from cyclic groupsof prime order to arbitrary abelian groups
of odd order.

2 A randomized construction from abelian groups
actions

We establishin this sectionthe Claims of Section1.3.2. We considerthe case
when G is an abelian group of odd order. We argue in Theorems 2.1 and
2.4 that if the dimension L(G) of the smallest irreducible F2-representation
of G grows faster than logarithmically in the order of the G, then an F2[G]-
submodule of F2[G]k generated by a random element of F2[G]k achieves
the GV bound with a high probabilit y. Since G is abelian, L (G) depends
only on the order of G, and it is the smallestsizeof the multiplicativ e group
generatedby 2 in F�

p , wherep runs over the prime divisors of m. SeeLemma
2.5. We note that roughly, almost all abelian group of odd order satisfy the
above condition.

Theorem 2.1 Let G be a �nite abelian group of odd order m, and consider
its binary group algebra

F2[G]
def
= f

X

g2 G

f (g)gjf : G ! F2g:
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Consider the randomized construction of codes

Ca;b = f (f a; f b)jf 2 F2[G]g;

where a;b are selected uniformly at random from F2[G].
Let L (G) be the smallest dimension of a nontrivial F2-representation of

G, or equivalently the smallest dimension of a nontrivial 1 F2[G]-module, or
equivalently the smallest dimension of a nontrivial irr educible ideal in F2[G].

If � > 0 is such that h(� ) � 1
2 � log m

2L (G) , then the probability that the
minimum relative distance of the code Ca;b is below � or the rate of Ca;b

is below 1
2 � 1

2m is at most 2� 2L (G)(1=2� h(� ))+5 log m , where h is the binary
entropy function.

Therefore, if L (G) grows asymptotically faster than logm, then the code
Ca;b achievesthe GV bound for rate 1=2 with a high probability.

Pro of. Let R
def
= F2[G]. Let P be the probabilit y that Ca;b has dimen-

sion below m � 1 and minimum distance below 2m� , where � is say below
1=2 for the moment. P is at most the probabilit y that there is an f 2 R,

f 6= 0 and f 6= e0
def
=

P
g2 G g, such that the event

E(f ; a;b) : 0 � w(f a) + w(f b) < 2m�

occurs. This is true since(e0a;e0b) is either (e0; 0), (0; e0), (e0; e0), or (0; 0),
and thus w(e0a) + w(e0b) = m, 2m, or 0. The �rst two valuesare above 2� m
and the last can only decreasethe rank of Ca;b by 1. Thus, by the union
bound on f ,

P �
X

f 2 R;f 6=0 ;e0

Pra;b[E (f ; a;b)] �
mX

l=2

jD l j max
f 2 D l

Pra;b[E (f ; a;b)]: (1)

where
D l = f f 2 Rjdim F2

f R = lg;

and f R is the ideal generatedby f in R. Note that we excluded the case
l = 0 and l = 1 since they can only happen when f = 0 and f = e0

respectively.
For all f 6= e0, the ideal f R is nontrivial, so dim F2

f R � L (G). Thus

D l = ; for all 2 � l < L (G): (2)

1By a trivial F2 [G]-module we mean a R-module M such that r m = m, 8m 2 M and
r 2 F2 [G].
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Let

 l = f I an ideal of R j dim F2

I = lg;

so we have
jD l j � 2l j
 l j (3)

For any l, and any f 2 D l , we have

Pra;b[E (f ; a;b)] �
X

r 1 ;r 22 f R s.t. 0� w(r 1)+ w(r 2 )< 2m�

Pra;b[f a = r 1 and f b= r 2]

� 2� 2l
X

w1 ;w2 � 0;w1+ w2< 2� m

jI (w1 ) jj I (w2 ) j; (4)

where I = f R, and if I is an ideal, by I (w) we mean

I (w) def
= f r 2 I jw(r ) = wg:

The 2� 2l term is the value of Pr a;b[f a = r 1 and f b = r 2]. Indeed, for any
r 2 f R,

Pra[f a = r ] =
jK er � f j

jRj
=

1
jf Rj

= 2� l ;

where � f : R � f R is given by a 7! f a.
Replacing (2), (3), and (4) in (1), we get

P �
mX

l= L (G)

2� l j
 l j max
I 2 
 l

X

w1 ;w2 � 0;w1+ w2< 2� m

jI (w1 ) jj I (w1 ) j: (5)

Note that so far we have not used any property that depends on G being
abelian. Note also that the maximum above can be replacedby an expected
value, but we will not needthat.

Lemma 2.2 If I is an ideal in R of dimension l, then jI (w) j � 2lh(w=m) ,
where h is the binary entropy function.

Proof. This follows from the work of Piert [13] and Shparlinsky [15]. In fact
this holds when R = F2[G], and G is an arbitrary group of size m. The
result in [13, 15] says the following.

Let J be an index set of sizem and let C be a subsetof f 0; 1gJ of size2l .
Call a subsetA of J an information set of C if the projection map form C
to f 0; 1gA is a bijection (thus jAj = l). Call C balanced if there exists r � 1
and information setsA1; : : : ; Au of C such that for all i in J , the number of
j such that i 2 A j is exactly r (note that the A i neednot be distinct). The
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result of [13, 15] assertsthat if C is balancedthen the number of vectors in
C of weight w is at most 2lh(w=m) . The proof is a double counting argument.

This is directly applicable to the casewhen C is ideal in F2[G]. The
reason is that since C is linear it must contain an information set S � G
of size l , and since C is invariant under the action of G, the f Sggg2 G are
informations setsalso. Theseinformation setsmake C balancedbecausefor
each a in G, the number of g such that a 2 Sg is exactly jSj. H

Lemma 2.3 j
 l j � m l=l0+1 , where l0 = L(G).

Proof. Here we use the fact that G is abelian. In general, since jGj is odd,
R is semisimple. Let R = R0 � R1 � : : : � Rs be the unique decomposition of
R into indecomposabletwo-sided ideals. The R i are simple rings. SinceG
is abelian the R i are irreducible and they are the only irreducible ideals in
R (Each Ri is actually a �eld with its idempotent as a unit element). Thus
each ideal in R is of the form � i 2 A Ri for somesubsetA of f 0; 1; : : : ; sg. This
fact is the reasonbehind the claimed bound on j
 l j; if G were non abelian
then j
 l j can be much larger than this becauseeach R i may contain many
irreducible ideals. Without lossof generality, say that R0 is the trivial one
dimensionalideal, i.e., R0 = (

P
g2 G g)R. Thus for each i 6= 0, the dimension,

of Ri is at least l0 = L(G). So,1+ l0(s� 1) � m. If I is an ideal of dimension
l, then it is a direct sum of at most l=l0 + 1 of the Ri . There are at most
sl=l0+1 such direct sum, so j
 l j � sl=l0+1 � ml=l0+1 . H

Note that we can get a sharper bound, but this is su�cien t for our
purpose.

Replacing the estimates in Lemmas2.2 and 2.3 in (5), we get

P �
mX

l= l0

2� l ml=l0+1
X

w1 ;w2 � 0;w1+ w2< 2� m

2l (h(w1=m)+ h(w2=m))

�
mX

l= l0

2� l ml=l0+1 (2� m)222lh(� ) (since h is convex)

�
mX

l= l0

2
� 2l

�
1
2 � h(� )� log m

2l 0

�
+3 log m

:

If 1
2 � h(� ) � log m

2l0
� 0, we get

P � 2� 2l0 ( 1
2 � h(� )� log m

2l 0
)+4 log m

= 2� 2l0 ( 1
2 � h(� ))+5 log m :
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This completesthe proof of Theorem 2.1. �
Note that the fact that the estimate of Lemma 2.3 fails for nonabelian

groups doesnot mean that they do not lead to good codesin the setting of
this randomized construction. All what it says is that the argument may
need somemodi�cations. But in any case,it will becomeclear in Section
3 that the reasonwhy Lemma 2.3 fails for nonabelian groups makes them
subject to a more natural randomized construction.

More generally,

Theorem 2.4 Let G be an abelian group of order m, and consider the ran-
domized codesconstruction

Ca1 ;:::;ak = f (f a1; : : : ; f ak)jf 2 F2[G]g;

where a1; : : : ; ak are selected uniformly at random from R � , and R� is the

set of evenweight strings in R
def
= F2[G].

If L (G) grows asymptotically faster than logm, then the code Ca1 ;:::;ak

achievesthe GV bound for rate 1=k with a high probability.

Pro of. The proof is by the sameargument in Theorem 2.1. We need this
even weight technicality in order to avoid the dominanceof somebad events
when k is large enough. The fact that the ai have even weight will take care
of the casewhen f = e0 sincethen e0ai = 0 always. �

Lemma 2.5 Since G is abelian, L (G) depends only on the order of G and
is given by

l(m) = minf # h2i pjp a prime divisor of mg;

where h2i p is the multiplicative subgroup generated by 2 in F�
p .

Pro of. SinceG is abelian, decomposeG as G = G1 � : : : � Gt , where Gi
�=

Z=pk i
i Z and pi is prime. Thus m =

Q
i pk i

i . If � : G ! GL l (F2) is a nontrivial
F2-representation of G, then the restriction of � to one of the G i must be
nontrivial, thus L(G) � min i L(Gi ). Conversely, given a representation
� i : Gi ! GL l (F2) of Gi , we can extend � i to G via � i (g1 : : : gt ) = � i (gi ).
ThusL(G) = min i L(Gi ). Sowecanassumewithout lossof generality that G
is cyclic of order a power of a prime, say Z=pkZ. Then the dimensionsof the
irreducible F2-representations of G are precisely the sizesof the equivalence
classesin (Z=pkZ)= � , where a � b if a = 2i b (mod pk) for some i . The
trivial representation corresponds to the classconsisting of 0. Thus

L(Z=pkZ) = min
0<a<p k

h(a;pk ) where h(a;pk ) = min
i � 1;a2i = a( mo d pk )

i:
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Now, h(a;pk ) = h(1; pi ) where pi = a=gcd(pk ; a) as can be easily checked.
Thus

L(Z=mZ) = min
i =1 ;:::;k

h(1; pi ) = h(1; p)

becauseh(1; pi ) � h(1; p) for all i � 1, and hencethe claim sinceh(1; p) =
# h2i p. �

Now, if r : Z+ ! Z+ is a nondecreasingfunction, let

Z (r ) = f m 2 Z+ jl (m) � r (m)g:

So any family of abelian groups whoseorders is in Z (r ) leads to rate 1=2
codesup to the attainment of the GV bound as long as r (m) � logm.

Let P(r ) be the set of primes in Z (r ).

Lemma 2.6 When r (m) �
p

m=logm, P(r ) is in�nite and contains al-
most all the primes.

Pro of. This statement appears in Chepyzhov [3], but we include a proof
for completeness.Say that a prime is bad if it is not in P(r ), and let B n

be the set of bad primes lessthan n. If p is a bad prime then there exists
integers a and k such that 0 < a < r (p) and 2a � 1 = kp. Since r (n) is
nondecreasing,we have

jBn j � # f (a; k) j 0 < a < r (n) and (2a � 1)=k primeg

� r (n) log(2r (n) � 1) � r 2(n);

and hencethe lemma follows from the prime numbers density theorem. �
So we have many in�nite families of abelian groups that lead to codes

up to the GV bound in the senseof Theorem 2.1, for instance:

� The cyclic groups of prime order, where the primes are in P(r ), and
r (m) = logm log logm.

� Any version of the Abelian groups of order pq where p;q 2 P(r ),
r (m) = logm log logm, and pk ; qk > pq for someprespeci�ed constant
k.

� Any version of the abelian groupsof order pk where p 2 P(r ), r (m) =
logm log logm, and k is a prespeci�ed constant.
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3 The dihedral group randomized construction

In this section,we establishthe claim of Section1.3.1. We arguein Theorem
3.4 that for in�nitely many block lengths, a random ideal in the binary
group algebra F2[Dm ] of the dihedral group D m is an asymptotically good
rate 1=2 binary code. We show that the condition, we require on m is
satis�ed by almost half the primes, namely all primes p such that 2 is a
nonquadratic residuemod p (i.e., p = � 5 (mod 8)) and such that the sizeof
the multiplicativ e group generatedby 2 in F�

p grows asymptotically faster
than logp. By random herewe meanaccordingto somespeci�c distribution
basedon the F2-representations of D m in Theorem 3.3. The implicit bound
on the relative minimum distance is h� 1(1=4) whereh is the binary entropy
function.

Let m be odd, and consider the dihedral group

Dm = h� ; � j� 2 = 1; � m = 1; � � = � � 1� i :

Dm has 2m elements: � i � j for i = 0; 1 and j = 0; : : : ; m � 1.
We are interested in the the structure of F2[Dm ] in terms of its ideals.

We will work with left ideals.
Note that since the characteristic 2 of F2 divides the even order of D m ,

the ring F2[Dm ] is not semisimple,i.e., its radical is nonzero.
Let N be the subgroup of D m generated by � , and H the subgroup

generatedby � . Not that N is normal. Let

Q = F2[N ]:

Any element r of F2[Dm ] can be represented uniquely as r = q+ � q0, where
q; q0 2 Q. If q =

P
g2 S g is an element of Q, de�ne

~q
def
=

X

g2 S

g� 1;

and note that ~ : Q ! Q is a ring automorphism. From the relation �� =
� � 1� , we get � � i = � � i � for all i , and hence

�q = ~q�

for all q 2 Q.
SinceQ is semisimple(becausem is odd), let

Q = � s
i=0 Qi

13



be the unique decomposition of Q into two-sided ideals, where each Q i is a
simple ring. Each Qi must be a �eld since Q is commutativ e and a simple
commutativ e ring is a �eld (the matrix algebra M d(K ) over the �eld K is
commutativ e i� d = 1).

One of the Qi is the ideal (
P

g2 N g) generatedby
P

g2 N g and it consists
of 0 and

P
g2 N g. Assumethat the Qi are ordered so that Q0 = (

P
g2 N g).

The automorphism~maps each Qi to someQj . We imposea restriction
on the order m of Dm . We assumethat m is such that

~Qi = Qi for i = 1; : : : ; s: (6)

We needthis assumption to simplify the analysis.
We argue below that this assumption is satis�ed for in�nitely many val-

uesof m.

Lemma 3.1 Assumption (6) is satis�ed for all prime values p of m such
that p = � 5 (mod 8).

Pro of. Assume that m is a prime p. Assume further that p = � 5
(mod 8), or equivalently, 2 is a nonquadratic residue mod p. Realize Q as
Q = F2[x]=(xp � 1), and let 
 be a primitiv e p'th root of 1 in a extensionof
F2, thus the irreducible decomposition of xp � 1 over F2 is

xp � 1 = (x � 1)
Y

A2F�
p =h2i

gA (x); where gA (x) =
Y

a2 A

(x � 
 a):

In these terms, the Qi , where i 6= 0, are in one-to-onecorrespondencewith
the cosetsA 2 F2=h2i . The ideal Qi corresponding to A is generatedby

f A (x) = (x � 1)
Y

B 2 F2=h2i :B 6= A

gB (x):

Thus ~Qi is generatedby ~f A (x) = f � A (x). Hence ~Qi = Qi i� A = � A. This
holds for all A 2 F�

p =h2i i� � 1 2 h2i , which can be guaranteed when 2 is a
nonquadratic-residuesince in such a case2(p� 1)=2 = � 1 (mod p). �

De�nition 3.2 If F is a �eld, by F � we mean the multiplicative group of
F . More generally, if A is a commutative ring with identity, A � wil l denote
the multiplicative group of the units of A.

14



Theorem 3.3 Let R = F2[Dm ], where Dm is the dihedral group, and m is
odd. Assume further that (6) holds. Then the ring R decomposes into a
direct sum of two-sided ideals as

R = � s
i=0 Ri ;

where the structure of the R i is as follows.

1) dimF2
R0 = 2. The ideals of R0 are (0) � J0 � R0 (J0 is two-sided),

where

J0 = (
X

g2 D m

g) = f 0;
X

g2 D m

gg

and
R0 = (

X

g2 N

g) = f 0;
X

g2 N

g; �
X

g2 N

g;
X

g2 D m

gg:

2) For i = 1; : : : ; s, we have

Ri = Qi � �Q i :

EachsuchRi is simpleasa ring and isomorphic asa ring to M 2(F2l i =2 ),
where l i = dimF2

Qi . Moreover, Ri contains 2l i =2 + 1 nonzero irr e-
ducible left ideal all isomorphic and each of dimension l i . They are
given by

I i
[b] = Qi (1 + � )b = f q(1 + � )bjq 2 Qi g, for [b] 2 Q�

i =Z �
i ;

where Z i = f q 2 Qi jq = ~qg is a sub�eld of Qi .

Note that (
P

g2 D m
g)2 = jDm j

P
g2 D m

g = 0 becausejDm j is even. Hence
J 2

0 = (0), and consequently R0 is not semisimple. In fact it is not di�cult
to show that J0 is the radical of R.

Pro of. The representations of D m are essentially similar to the
semisimplecasecorresponding to the situation when instead of F2 we have
a �eld F whosecharacteristic does not divide the order of D m (seefor in-
stance[1, 4]). We needhowever to worry about the fact that the ring is not
semisimple and furthermore we need to list all the irreducible left ideals.
This is not hard sincethe group is simple to analyze.

Each Ri is a two-sided ideal since qR i = Ri q = Ri for each q 2 Q, and
�R i = Ri � = Ri . The claimed structure will essentially follow oncewe show
that: for all i 6= 0, we have

15



I) Ri contains no other two-sided ideal, and is thus simple as a ring.

I I) a) Each I i
[b] is an irreducible left ideal.

b) I i
[b1 ] 6= I i

[b2 ] i� [b1] 6= [b2].

c) Any nonzero left ideal in R i must contain one of the I i
[b].

To seewhy it is enough to establish (I) and (I I), note �rst that the fact
that Ri is simple implies that all the nonzeroirreducible left idealsof R i are
isomorphicand that R i is isomorphic to M d(K ) for some�nite �eld K , where
d is such that Ri = � d

j =1 Ri;j and the Ri;j are irreducible (the decomposition
is not unique unless d = 1). Combining this with (I I), which says that
each I i

[b] is irreducible, we seeby dimensional considerations (dim F2
I i

[b] =
dimF2

Qi = l i and dimF2
Ri = dimF2

Qi + dimF2
�Q i = 2l i ) that d = 2 and

hencejK j = 2
1
4 dim F 2 R i = 2l i =2.

The claimed number of nonzero irreducible left ideals then follows from
the fact that, in general, the number of nonzero irreducible left ideals in
M 2(K ) is jK j + 1. To seewhy this is true, let I be the set of principal
left ideals I of M 2(K ) that are not equal to 0 or M 2(K ). We will argue
below that dim K I = 2 for all ideals I in I . By dimensional consideration,
this implies that any ideal in I must be irreducible, and the ideals in I are
the only irreducible left ideals. The intersection of two ideals in I must be
the zero ideal becausethey are irreducible. Moreover, the ideals in I are
generatedby rank-one matrices (since I 6= (0); M 2(K ) for all I 2 I ), i.e.,
elements of M 2(K )n(GL 2(K ) [ f 0g). Thus [ I 2 I (I nf 0g) is a disjoint union
equal to M 2(K )n(GL 2(K ) [ f 0g). It follows that

jI j =
j [ I 2 I (I nf 0g)j

jI nf 0gj

=
jM 2(K )n(GL 2(K ) [ f 0g)j

jK j2 � 1

=
jM 2(K )j � 1 � jGL 2(K )j

jK j2 � 1

=
jK j4 � 1 � jK j(jK j � 1)2(jK j + 1)

jK j2 � 1

= jK j2 + 1 � jK j(jK j � 1) = jK j + 1:

We still have to show that dim K I = 2 for all ideals I in I . Let I 2 I .
Since I 6= 0 or M 2(K ), I must be generated by a some rank-one matrix
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A. DecomposeA as A = B

 
� �
0 0

!

C, where � 6= 0, and B and C are

invertible matrices. Thus

I = M 2(K )A = M 2(K )B

 
� �
0 0

!

C = M 2(K )

 
� �
0 0

!

C

= M 2(K )

 
1 �
0 0

!

C:

It follows that

I =

( 
a a�
c c�

!

C : a;c 2 K

)

:

Therefore, dim K I = 2.
Proof of (I): Let r = r 1 + �r 2, wherer 1; r2 2 Qi , be a nonzeroelement of

Ri , and considerthe two-sided ideal I generatedby r . It is enoughto show
that Ri � I (and henceRi = I ).

First we show that I must contains an element q = q1 + �q 2, where
q1; q2 2 Qi , q1 6= 0, and q1 6= q2. If r 1 = 0, use q = � r . If r = r 1 + �r 1,
try q = gr for g 2 N . Thus gr = gr 1 + � g� 1r1. Assume, for the sake of
contradiction, that gr 1 = g� 1r1, for all g in N . Hence,g2r1 = r1, for all g
in N . Since the squaremap N ! N , x 7! x2, is subjective (becausem is
odd), we get gr 1 = r1, for all g in N . This can only happen if r 1 =

P
g2 N g.

But then r 1 2 Q0, which is not true.
Thus

q + �q q� 1
1 q2 = (q1 + � q2) + (� q2 + q� 1

1 q2
2) = q1 + q� 1

1 q2
2 = q� 1

1 (q2
1 + q2

2)

is a nonzeroelement Qi inside I , whereinversionis in Qi asa �eld. Note that
q� 1

1 (q2
1+ q2

2) 6= 0 sinceq1 6= q2 and the characteristic of Qi is 2. Consequently,
I contains Qi , and henceRi sincethe two-sidedideal generatedby Qi is Ri .

Proof of (I I):

a) We have �q (1 + � ) = ~q(1 + � ), for all q 2 Q. Thus �Q i (1 + � )b =
~Qi (1 + � ) = Qi (1 + � )b, and qQi (1 + � )b = Qi (1 + � )b for all q 2 Q,

and henceI i
[b] is a left ideal.

I i
[b] is an irreducible left ideal of R sinceQi is an irreducible ideal of Q

and I i
[b] = Qi (1 + � )b.

b) Let b 2 Q�
i . The left ideal I i

[b] is generated by (1 + � )b since (1 +
� )b = ei (1 + � )b, where ei is the identit y element of the �eld Qi .
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Let b1; b2 2 Q�
i . Thus, I i

[b1 ] = I i
[b2 ] i� there exists q 2 Q�

i such that
q(1 + � )b1 = (1 + � )b2, i.e., b2 = qb1 and b2 = ~qb1. Combining both
equalities, we get qb1 = ~qb1. Multiplying by the multiplicativ e inverse
of b1 in Qi , we obtain q = ~q. HenceI i

[b1 ] = I i
[b2 ] i� there exists q 2 Z �

i

such that b2 = qb1, which is equivalent to saying that [b1] = [b2].

c) If I is a nonzeroleft ideal in Qi , let r = b1+ �b 2 beany nonzeroelement
of I , whereb1; b2 2 Qi are not both zero. If b1 = b2, i.e., r = (1+ � )b1,
then I [b1 ] = Qi (1 + � )b1 = Qi r � I . If b1 6= b2, consider the element
r 0 = r + �r of I . Sincer 0 = b1 + � b2 + �b 1 + b2 = (1 + � )(b1 + b2), we
get that I [b1+ b2 ] = Qi (1 + � )(b1 + b2) = Qi r 0 � I (note that b1 + b2 6= 0
sinceb1 6= b2).

This completesthe proof of Theorem 3.3. �
Now, we know all the left ideals I of R. They are direct sums of the

form I = � n
i=0 I i , where each I i is either 0, Ri , one of the I i

[b] if i 6= 0, or J0

if i = 0.

Theorem 3.4 Let m be an odd integer, and consider the dihedral group
Dm . Assume further that (6) holds. Let R = F2[Dm ], and consider the
unique decomposition

R = � s
i=0 Ri ;

of R into two-sided ideals as in Theorem 3.3.
Consider the following randomized code construction: generate a rate-

( 1
2 � 1

2m ) random left ideal I of F2[Dm ] as

I = � s
i=1 I i ;

where each I i is selected uniformly at random from one of the 2l i =2 � 1
nonzero irr educible left ideals of R i .

If � > 0 is such that h(� ) � 1
4 � log m

2l(m) , then the probability that the

minimum relative distance of I is below � is at most 2� 2l (m)(1=4� h(� ))+5 log m ,
where h is the binary entropy function.

Moreover, there are in�nitely many suchm such that (6) holdsand l(m)
growsasymptotically faster than logm, for instance for almost all the primes
p = � 5 (mod 8).

Therefore, there are in�nitely many integers m such that the left ideal I
of F2[Dm ] is an asymptotically good rate 1=2 binary code with a high proba-
bility.
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Pro of. First, recall that since Q is a direct sum of ideals Q = � i Qi ,
each element q of Q has a unique decomposition q =

P
i qi , where qi 2 Qi .

Recall also that since the decomposition is into two sided ideals, we have
Qi Qj = (0) for all i 6= j (becauseQi Qj � Qi \ Qj = (0)). Thus if q
decomposesasq =

P
i qi and q0 asq0 =

P
i q0

i , we have qq0 =
P

i qi q0
i . Finally,

recall that each Qi is a �eld being a simple commutativ e ring.
Let Q� = � s

i=1 Qi , and let Q�� be the multiplicativ e group of units of of
Q� . Thus

Q�� = f
sX

i =1

qi : qi 2 Q�
i g;

whereQ�
i is the multiplicativ esubgroupof the �eld Q i . Note that (

P s
i=1 qi )� 1

=
P s

i=1 q� 1
i , where q� 1

i is the multiplicativ e inverseof qi in the �eld Qi . Fi-
nally, let T be the subgroup of Q�� given by T = f q 2 Q�� jq = ~qg.

Similarly, sinceR is a direct sum of ideals R = � i Ri , each element r of
R has a unique decomposition r =

P
i r i , where r i 2 Ri . Moreover, since

the decomposition is into two sided ideals, we have R i Rj = (0) for all i 6= j .
Thus if r decomposesasr =

P
i r i and r 0asr 0 =

P
i r 0

i , wehave r r 0 =
P

i r i r 0
i .

Therefore, the above randomized construction is equivalent to the fol-
lowing: pick a random left ideal

I [b] = Q(1 + � )b = Q� (1 + � )b = f q(1 + � )bjq 2 Q� g

where [b] is selecteduniformly at random from Q�� =T.
From Section 2, we know that there are in�nitely many m with l(m) �

logm, and they contain speci�cally almost all the primes. Combining with
Lemma 3.1, we get that there are in�nitely many such m such that (6) holds
and l(m) grows asymptotically faster than logm, for instancealmost all the
primes p = � 5 (mod 8).

To establish the minimum distance bound, we follow the argument in
Theorem2.1. We will usethe structure of the dihedral group representations
from Theorem 3.3 at the end in (9), (10), and (11).

Observe the relation betweenthis randomizedconstruction and the rate-
half randomized construction in that Theorem 2.1. This ensemble of codes
is, in a suitable sense,a subfamily of that ensemble.

SinceQ�� is a group, Q�� = aQ�� for all a in Q�� . Thus

I [b] = Q� (1 + � )b = aQ� (1 + � )b;

for all a in Q�� . Hencethe probabilit y P that the minimum distance of I [b]
is below 2� m when [b] is selecteduniformly at random from Q �� =T, is the
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same as the probabilit y that aQ� (1 + � )b has a minimum distance below
2� m, when a and b are selecteduniformly at random from Q �� .

Now we proceedas in Theorem 2.1. P is the probabilit y that there is an
f 2 Q� , f 6= 0, such that 0 � w(af (1 + � )b) < 2m� . Thus P is at most

X

f 2 Q � ;f 6=0

Pra;b2 Q �� [0 � w(af (1 + � )b) < 2m� ];

and this is at most
mX

l= l (m)

jD �
l j max

f 2 D �
l

Pra;b2 Q �� [0 � w(af (1 + � )b) < 2m� ];

where D �
l = D l \ Q� , and D l = f f 2 Qjdim F2

f Q = lg. As beforewe have

jD �
l j � jD l j � 2l j
 l j;

where 
 l is the set of left ideals in Q of dimension l.
Consider any l, and any f 2 D �

l . We have

Pra;b2 Q �� [0 � w(af (1 + � )b) < 2m� ]

=
X

r 2 U s.t. 0� w(r )< 2m�

Pra;b2 Q �� [af (1 + � )b = r ];

where
U = Q�� f (1 + � )Q�� ;

and this is at most

max
r 2 U

Pra;b2 Q �� [f a(1 + � )b = r ]
X

w1 ;w2 � 0;w1+ w2< 2� m

jI (w1 ) jj I (w2 ) j;

where I = f Q, and I (v) is the set of elements in I of weight v. Fix l � l (m),
any f in D �

l , and any r in U. We will argue at the end that

Pra;b2 Q �� [f a(1 + � )b = r ] � 2� 3l=2: (7)

We have from Lemmas 2.2 and Lemma 2.3 that j
 l j � m l=l(m)+1 , jI (w1 ) j �
2lh(w1=m) , and jI (w2 ) j � 2lh(w2=m) . Thus, modulo (7), we are done since by
arguing as in Theorem 2.1, we get

P �
mX

l= l (m)

2l ml=l(m)+1 2� 3l=2
X

w1 ;w2 � 0;w1+ w2< 2� m

2l (h(w1=m)+ h(w2=m))

�
mX

l= l (m)

2� l=2ml=l(m)+1 (2� m)222lh(� ) (since h is convex)

� 2� 2l (m)( 1
4 � h(� ))+5 log m ;
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where the last bound holds when 1
4 � h(� ) � log m

2l(m) � 0. The di�erence is

that now we have 1=4 instead of 1=2. The reasonis that beforewe had 2� 2l

instead of 2� 3l=2.
We still have to establish (7). The �rst thing to note is that when a

and b are selecteduniformly at random from Q�� , each r 2 U is equally
likely to occur as f a(1 + � )b. The reasonis that if r = a0f (1 + � )b0, where
a0; b0 2 Q�� , then the event af (1 + � )b = r = a0f (1 + � )b0 can be expressed
as

a00af (1 + � )b00b = e� f (1 + � )e� = f (1 + � );

where a00(respectively b00) is the inverseof a0 (respectively b0) in the mul-
tiplicativ e group Q�� , and where e� is the identit y element of group Q��

which acts also as an identit y element for the ring Q � (e� =
P

i ei , where
each ei is the identit y element of the �eld Qi . Thus if f =

P
i f i , where

f i 2 Qi , we have f e� =
P

i f i ei =
P

i f i = f ). Therefore

Pra;b2 Q �� [f a(1 + � )b = r ] = Pr a;b2 Q �� [a00af (1 + � )b00b = f (1 + � )]

= Pra;b2 Q �� [af (1 + � )b = f (1 + � )];

since a00Q�� = Q� and b00Q�� = Q� . Since this is independent of choice of
r 2 U, we get

Pra;b2 Q �� [f a(1 + � )b = r ] =
1

jUj
: (8)

Decomposef uniquely as f =
P s

i=1 f i , where each f i 2 Qi , and let S be
the set of i such that f i 6= 0, thus l =

P
i 2 S l i . We can expressU as

U = Q�� f (1 + � )Q�� = f
X

i 2 S

ui jui 2 Q�
i f i (1 + � )Q�

i g

= f
X

i 2 S

ui jui 2 Q�
i (1 + � )Q�

i g

since,for i 2 S, we have f i Q�
i = Q�

i becausef i is invertible being a nonzero
element of the �eld Qi . Now,

Q�
i (1 + � )Q�

i =
[

b2 Q �
i

Q�
i (1 + � )b =

[

b2 Q �
i

(Qi (1 + � )bnf 0g) =
[

b2 Q �
i

I i
[b]nf 0g;

where we have used in the secondequality the fact that Q �
i is a group

(henceqi b 6= 0 for all qi ; b 2 Q�
i ) and the fact that ~is an automorphism of

Q�
i (hence~b 6= 0 for all b 2 Q�

i ) .
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We know from Theorem 3.3 that I i
[b1 ] 6= I i

[b2 ] i� [b1] 6= [b2] as elements of

Q�
i =Z �

i . Thus
Q�

i (1 + � )Q�
i =

[

[b]2 Q �
i =Z �

i

I i
[b]nf 0g: (9)

From Theorem 3.3, the I i
[b] are nonzero irreducible left ideals of R i . Since

the intersection of two left ideals is a left ideal, the above union is a disjoint
union. Hence

jQ�
i (1 + � )Q�

i j =
X

[b]2 Q �
i =Z �

i

jI i
[b]nf 0gj: (10)

Using Theorem 3.3 again, we obtain

jQ�
i (1 + � )Q�

i j = (2l i =2 + 1)(2l i � 1): (11)

Hence
jUj =

Y

i 2 S

jQ�
i (1 + � )Q�

i j =
Y

i 2 S

(2l i =2 + 1)(2l i � 1):

Noting that

(2l i =2 + 1)(2l i � 1) = 23l i =2 + 2l i � 2l i =2 � 1 � 23l i =2;

since l i � 2 (l i is divisible by 2), we obtain

jUj � 23=2
P

i 2 S
l i = 23l=2;

and hence(7) via (8).
This completesthe proof of Theorem 3.4. �
It is important to note that the h� 1(1=4) bound we obtained on the

minimum relative distance is unlikely to be tight. We ended up with this
bound becauseour argument is based on counting, and the construction
does not have enough randomnessso that a counting argument can go up
to the GV bound, i.e., up to h� 1(1=2).

4 Conclusion

We studied two randomized constructions of binary linear codes that are
invariant under the action of somegroup on the bits of the codewords: a
randomized abelian construction based on the action of an abelian group
on a number of disjoint copiesof itself, and a nonabelian randomized con-
struction corresponding the action of the dihedral group on a single copy of
itself. We argued that both ensembles of codesare asymptotically good.
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