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Abstract

We study in this paper randomized constructions of binary linear
codesthat are invariant under the action of some group on the bits
of the codewords. We study a nonabelian randomized construction
corresponding to the action of the dihedral group on a single copy of
itself aswell as a randomized abelian construction basedon the action
of an abelian group on a number of disjoint copiesof itself.

Cyclic codes have been extensively studied over the last 40 years.
Howevwer, it is still an open question asto whether there exist asymp-
totically good binary cyclic codes. We argue that by using a slightly
more complex group than a cyclic group, namely the dihedral group,
the existenceof asymptotically good codesthat are invariant under the
action of the group on itself can be guaranteed. In particular, we show
that, for in nitely many block lengths, a random ideal in the binary
group algebraof the dihedral group is an asymptotically good rate-half
code with a high probability.

We arguealsothat arandom codethat is invariant under the action
of an abelian group G of odd order on k disjoint copiesof itself satis es
the binary (GV) Gilbert-Varshamos bound with a high probability for
rate 1=k under a condition on the family of groups. The underlying
condition is in terms of the growth of the smallest dimension of a
nontrivial F,-represenation of the group and is satis ed by roughly
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most abelian groups of odd order, and speci cally by almost all cyclic
groups of prime order.

Keywords: abelian codes, dihedral group, group actions, group al-
gebra, probabilistic method, quasi-cyclic codes.

1 Intro duction

Linear codesthat are symmetric in the senseof being invariant under the
action of some group on the bits of the codewords have been studied ex-
tensively before. Howewer, we still know very little about how the group
structure can be exploited in order to establish bounds on the minimum
distance or to comeup with decaling algorithms.

One exampleof such codesare codesthat are invariant under the action
of somegroup on itself. When the group is cyclic these are cyclic codes.
Another exampleis when we have a group acting on more than one copy of
itself. When the group is cyclic theseare quasi-cyclic codes.

1.1 Preliminaries
1.1.1 Binary linear codes

Unless otherwise speci ed, by a code, we mean a binary linear code. The
minimum distance of a binary code is the minimum Hamming distance
between two distinct codewords or equivalertly the minimum weight of a
nonzerocodeword sincethe code is linear. Its minimum relative distance is
its minimum distance normalized by the block length. Its rate is the binary
logarithm of the code size normalized by the block length. By a binary
code we mean implicitly an in nite family of binary codesindexed by the
block length. We do not require that ead positive integer be a block length,
we simply require that there are codesin the family of codes of arbitrarily

large block length. The rate (minimum relative distance, respectively) of the
family of codes meansthe lim-inf of the rate (minimum relative distance,
respectively) of a code in the family asthe block length tends to in nit .
An in nite family of codesis called asymptotially good if both its rate and
its minimum distance are strictly positive. This is equivalent to saying that
the fraction of redundancy added is bounded by a constart, and the min-
imum distance of the code grows linearly with the block length. We say
that a family of codesof rate r and minimum relative distance satis es or
achievesthe binary GV (Gilbert-Varshamov) boundif r 1 h( ), where
h is the binary entropy function, i.e., h(x) = xlogx (1 x)log(1 x).



By abuseof notation, when asymptotic statemerts are made, a code means
implicitly anin nite family of codes. For instance,\an asymptotically good
code" means\an asymptotically good in nite family of codes", and \a code
satisfying the GV bound" means\an in nite family of codessatisfying the
GV bound". See[7, 12] for a generalbadground.

1.1.2 Finite semisimple rings and group algebras

We assenble in this sectionsomebasicpropertiesof nite rings with identity
and group algebrasthat we are going to uselater. See[l, 4, 9].

Let R bea nite ring with identity.

A nonzeroleft ideal of R is called irr educible or minimal if it is not the
direct sum of two nonzeroleft ideals of R.

The ring R is called simple if it has no proper two-sided ideal. Every
simple ring R is isomorphic to a matrix algebra M 4(K) over some nite
eld K, wherethe matrix algeba M 4(K) is the K -algebra consisting of all
the d d matrices over K. In a simplering, all the nonzeroirreducible left
ideals are isomorphic. Moreover, if R is a simple ring isomorphicto M 4(K),
then R can be expressedas a direct sum R = J-dzl R;, where the R; are
irreducible left ideals. The decomposition is not unique unlessd = 1.

The radical of R is the intersection of all the maximal left (or, equiva-
lently, right) ideals of R. The radical of R is a two-sidedideal. A (left or
right) ideal | is called nilpotent if I " = (0) for someintegern. The radical of
R contains all the nilpotent (left and right) idealsof R, and it is the largest
nilp otent ideal of R

The ring R is called semisimpleif its radical is zero. A simple ring is
semisimple. Every semisimplering R is the direct sumR = ;R; of two-
sidedidealsthat are simple asrings. Moreover the decomposition is unique,
and RiR; = Oforalli 6 j.

Let G bea nite groupand F a nite eld. The group algqpa F[G] of
G over F is the F -algebraconsisting of formal sumsof the form =, f (9)g
over F, wheref :G! F.

The group algebraF [G] is semisimpleif and only if the characteristic of
F doesnot divide the order of G.

1.1.3 Group action codes

A binary linear code invariant under the action of a group is de ned as
follows. Consider an action of a nite group G on a nite setS, and sa
that a (binary F,-linear) code C is -invariant if it satis es the following.



Let Mpbethe jSj-dimensional F»-vector spacewritten as the set of formal
sums  ,5f(s)s, f : S! F,. Considerthe induced action of G on M by
(say left) translation g : f (x) 7! f (gx). Then we say that C is -invariant
if C is a subsetof M closedunder addition and under translation by the
elemerts of G. In other words, C is -invariant if C is an F,[G]-suhmaodule of
M (again with the left multiplication corvertion). Note that if ., 5f(S)s
is an elemen of C, then the vector represenation of the corresponding
codeword is (f (s))s2s. Note also that when talking about the asymptotic
properties of a group action code, we implicitly meanthat we have anin nite
family of group actionsf 0,2, with the group G,, acting on the setS, via

n. The family is indexed by the block length n = jSpj of the n-invariant
code Cy.

1.2 Literature on group action codes
1.2.1 Cyclic and abelian codes

Binary abelian codesare invariant under the action of an abelian group G
on a single copy of itself, i.e., they are ideals in the binary group algebra
F,[G]. Cyclic codescorrespond to the special casewhen G is cyclic. These
codes, and speci cally cyclic codes, have beenextensiwely studied over the
last 40 years. Seefor instance[14]. However, the existenceof asymptotically
good binary cyclic or abelian codesin generalis still an open question.

1.2.2 Codes in the binary group algebra of the dihedral group

These codes are invariant under the action of the dihedral group D, on
itself, i.e., they are idealsin the binary group algebraF;[D,]. The Dihedral
group D, contains 2m elemen. It is generatedby and subject to the
relations 2=1, "=1,and = ! .

Codesin the binary group algebraof the dihedral group wereintroduced
by MacWilliams [11] in the setting of self dual codes. As far as we know,
nothing was known before our work about their asymptotic distance prop-
erties.

1.2.3 Quasi-cyclic codes

Quasi-cyclic codes are invariant under the action of a cyclic group on k

disjoint copiesof itself, i.e., they are F[z=mz]-submodules of F»[z=mz]¥.
Quasi-cyclic codes were rst studied by Chen, Peterson, and Weldon

[2] in the setting when m = pis prime. The result in [2] says that if 2



is primitiv e root of p (i.e., 2 generatesF, ), a random quasi-cyclic code,
i.e., an Fy[z=pz]-submadule of F»[z=pz]¥ generated by a random elemer
of Fy[z=pz]¥, achieves the GV bound with a high probability. Without
assumingthe ERH (Extended RiemannHypothesis), it is not known whether
there are in nitely many primes with the above property. A later result by
Kasami [5] shaws that if instead of working in zZ=pz, we work in zZ=p,Z,
wherel canvary and pp is xed to the largest known prime sud that 2 is a
primitiv e root of pg, a random quasi-cyclic code achieves a slightly wealer
bound than the GV bound.

A subsequeh work by Chepyzhov [3] shows that in the cyclic prime case
the condition in [2] that requires2 to be a primitiv e root of p can be relaxed
to requiring that the size of the multiplicativ e group generatedby 2 in F,
grows faster than logp and hencethe Extended Riemann Hypothesiscan be
avoided asit is not hard to show that there arein nitely many suc primes.

1.2.4 Quadratic residue codes

Let p be a prime suc that 2 is a quadratic residue,i.e., p= 1 (mod 8).
80nsiderth_e decomp&sition xP 1= (x I1)g(x)q(x) over F2 where g(x) =
i2o(X '), a(X) = Tizq(x '), Qisthe setof quadratic residuesmodulo

p, Q= Fy,nQ, and is a primitiv e p'th root of 1 in an extension eld of F.
Binary quadratic residuescodesare the ideals of Fy[Z=pz] = Fo[x]=(xP 1)
generated by one the polynomial g(x), g(x) or one of their products with
the polynomial x 1.

Other than being cyclic codes,thesecodesare invariant under the action

of the subgroup of PSL2(Fp) on Fp by ane transforma-

a
0 a’ ,e
tions. They are also extendible from F, to Fy[ flg in such a way they are
invariant under the action of P SL »(F;) by fractional linear transformations
onFp[ flg . See[7, 17, 14].

It is not known if binary quadratic residue codes can be asymptotically
good.

1.2.5 Cayley graphs codes

Sipser and Spielman [16] constructed explicit binary asymptotically good
low density parity ched codesbasedon the explicit constructions of Cayley
graphs expandersof Lubotzky, Phillips, and Sarnak [10], and Margulis [8].
The underlying Cayley graph group is PSL »(Fp), p prime. Thesecodesare
realized as unbalanced bipartite graphsin such a way that the codewords



are de ned on the edgesof the Cayley graph. They are invariant under the
action of PSL »(Fp) on more than one copy of itself.

1.3 Summary of Results

1.3.1 Asymptotically good codes in the group algebra of the di-
hedral group

The most natural classof group action codes are those that are invariant
under the action of agroup G onitself, i.e., thosethat areidealsin the binary
group algebra F,[G] of a group G. The casewhen G is cyclic (respectively,
abelian) correspondsto the caseof cyclic (respectively, abelian) codes. Sud
codes are very well studied. As mertioned before, yet it is still an open
question whether there exist asymptotically good cyclic or abelian codes.
The casewhen G is nonabelian was studied and intro duced by MacWilliams
[11] in the setting of the dihedral group D ,. However, it wasnot noted that
this group algebra contains asymptotically good codes.

Our result in Section 3 says that if we usea slightly stronger group than
a cyclic group, and namely the dihedral group, the existenceof asymptoti-
cally good codescan be guaranteed in the group algebra. In particular, we
show that for in nitely many m, a random ideal in F2[Dy] is an asymp-
totically good rate 1=2 binary code. The rst condition we needon m is
that the smallest size of the multiplicativ e group generatedby 2 in F, as
p runs over the prime divisors of m (or equivalently the smallestdimension
of a nontrivial F»-represertation of Z=mz) grows asymptotically faster than
logm. We require also for simplicity another condition and we argue that
it is satis ed by all the primesp= 5 (mod 8). By random here we mean
accordingto somespeci c distribution, basedon the F»-represerations of
Dm, that we specify later. The implicit bound on the relative minimum
distanceis h 1(1=4), where h is the binary ertropy function.

As far as we know, this is the rst provably good randomized construc-
tion of codesthat are idealsin the group algebra of a group. We do not
know if it waspreviously known that there exists asymptotically good codes
that are idealsin the group algebra of a group.

We leave the corresponding analysistill the end sinceit is basedon the
analysis of the quasi-akelian casethat we overview next.

1.3.2 Quasi-ab elian codes up to the GV bound

Rather than consideringthe action of a group G on itself, one can consider
the action of G on k disjoint copy of itself. This meanslooking at codes



that are F,[G]-submaodules of F»[G]K. When G is cyclic, these are quasi-
cyclic codes.

We consider the casewhen G is an abelian group of odd order. Our
result in Section 2 is that if the dimension L (G) of the smallestirreducible
Fo-represertation of G grows faster than logarithmically in the order of the
G, then an F,[G]-submodule of F2[G]¢ generatedby a random elemen of
F,o[G]¢ adhieves the GV bound at rate 1=k with a high probability. Here
random meansalmost uniformly in a suitable sensethat we specify later.
Roughly, almost all abelian groups of odd order satisfy the above condition.
This includes almost all cyclic groups of prime order. Since G is abelian,
L(G) dependsonly on the order of G, and it is the smallest size of the
multiplicativ e group generatedby 2 in F,, where p runs over the prime
divisors of m.

Comparing our result with the existing literature on quasi-cyclic codes
surveyed in Section 1.2.3, we seethat the innovation in our result is in
the fact that it holds for abelian groups that are not necessarilycyclic of
prime order which hasthe advantage of supplying more block lengths. Our
condition on the order of the group is a generalization of the condition of
Chepyzhov [3] from cyclic groups of prime order to arbitrary abelian groups
of odd order.

p?

2 A randomized construction from abelian groups
actions

We establishin this sectionthe Claims of Section1.3.2. We considerthe case
when G is an abelian group of odd order. We argue in Theorems 2.1 and
2.4 that if the dimensionL (G) of the smallestirreducible F,-represertation

of G grows faster than logarithmically in the order of the G, then an F3[G]-
submodule of F,[G]€ generated by a random elemen of F,[G]K achieves
the GV bound with a high probability. Since G is abelian, L(G) depends
only on the order of G, and it is the smallestsizeof the multiplicativ e group
generatedby 2in F,, wherep runs over the prime divisors of m. SeeLemma
2.5. We note that roughly, almost all abelian group of odd order satisfy the

above condition.

Theorem 2.1 Let G bea nite akelian group of odd order m, and consider
its binary group algeba

def X .
FolG] = f f()gif : G! Fu0:
02G



Consider the randomizeal construction of codes
Cap = f(fa;f b)jf 2 F2[Glg;

whetre a;b are seleted uniformly at random from F;[G].

Let L(G) be the smallest dimension of a nontrivial F»-representation of
G, or equivalently the smallest dimension of a nontrivial ' F,[G]-module, or
equivalently the smallest dimension of a nontrivial irr educibleideal in F,[G].

If > 0 is suchthat h( ) % z||0_g(—c;m)' then the prokability that the
minimum relative distance of the code C,., is below or the rate of Cy.p
is below 3 5% is at most 2 2-(G)1=2 h())*S logm “where h is the binary
entropy function.

Therefore, if L(G) grows asymptoticlly faster than logm, then the code
Ca:p achievesthe GV bound for rate 1=2 with a high probability.

Proof. Let R % F2[G]. Let P be the probability that C,., has dimen-
sion belov m 1 and minimum distance belov 2m , where is say below

1=2 for the momert. P is at most the probability that thereisanf 2 R,

P
f 6 0andf 6 e e g2 9, such that the evert

E(f;a;b):0 w(fa)+ w(fb) < 2m

occurs. This is true since(epa; epb) is either (ep; 0), (0; &), (eo; &), or (0;0),
and thus w(epa) + w(egh) = m, 2m, or 0. The rst two valuesare above2 m
and the last can only decreasethe rank of C5, by 1. Thus, by the union
boundonf,

X X
P PraplE(f;a;b)] jDijmaxPrap[E(f;a;b)]: (1)
f2R:f 60 :eo =2 f2D,

where
D =ff 2 Rjdim,:zf R=lg;

and f R is the ideal generatedby f in R. Note that we excluded the case
| = 0and | = 1 sincethey can only happen whenf = O andf = g
respectively.

For all f & ey, the ideal f R is nontrivial, sodimg fR L(G). Thus

Dy =; forall 2 |< L(G): (2)

1By atrivial F2[G]-module we mean a R-module M such that rm = m, 8m 2 M and
r2 Fz[G]



Let
1 = fl anideal of R j dimg,I = Ig;

so we have
iDij 2 i 3)
For any I, andany f 2 D|, we have
Prap[E(f;a;b)] X Praplfa=ryandfb=ry]
ri;r2fR S.t 0 w(ry)+ w(rz)<2m
2 2 jl (Wl)jj| (Wz)j; 4)

W1wz Owi+we<2 m
wherel = fR, and if | is anideal, by | ™) we mean
1) E £ e o jw(r) = wg:

The 2 2 term is the value of Praplfa= rpandfb= ry]. Indeed, for any
r2fR,

_ o JKer ) _ 1 _
Praffa=r] iR] iTR] 2
where ; :R fRisgivenbya7! fa.
Replacing (2), (3), and (4) in (1), we get
xn X
P 2 'j 1imax ji e (vaj: (5)
I=L(G) : Wi;wo Owi+we<2 m

Note that sofar we have not usedany property that dependson G being
abelian. Note alsothat the maximum above can be replacedby an expected
value, but we will not needthat.

Lemma 2.2 If | is an ideal in R of dimension |, then jl W)j  2ih(w=m)
whete h is the binary entropy function.

Proof. This follows from the work of Piert [13] and Shparlinsky [15]. In fact
this holds when R = F,[G], and G is an arbitrary group of sizem. The
result in [13, 15] says the following.

Let J bean index set of sizem and let C be a subsetof f0; 1g° of size?2'.
Call a subsetA of J an information setof C if the projection map form C
to f0; 19" is a bijection (thusjAj = I). Call C balanced if there existsr 1

j sudhthat i 2 Aj is exactly r (note that the A; neednot bedistinct). The

9



result of [13, 15] assertsthat if C is balancedthen the number of vectorsin
C of weight w is at most 2"W=") _ The proof is a double courting argumert.

This is directly applicable to the casewhen C is ideal in F;[G]. The
reasonis that since C is linear it must cortain an information setS G
of sizel, and since C is invariant under the action of G, the fSggg.c are
informations setsalso. Theseinformation setsmake C balancedbecausefor
ead ain G, the number of g such that a 2 Sg is exactly jS;j. H

Lemma 2.3 j j m'To*l wherly= L(G).

Proof. Here we usethe fact that G is abelian. In general, sincejGj is odd,
R issemisimple.Let R= Rg R; ::: Rg bethe unique decomposition of
R into indecomposabletwo-sidedideals. The R; are simple rings. SinceG
is abelian the R; are irreducible and they are the only irreducible idealsin
R (Each R; is actually a eld with its idempotent asa unit elemern). Thus
ead ideal in R is of the form ;oA R; for somesubsetA of f0; 1;:::;sg. This
fact is the reasonbehind the claimed bound onj j; if G were non abelian
then j |j can be much larger than this becauseeadh R; may cortain many
irreducible ideals. Without IQ§sof generality, say that Ry is the trivial one
dimensionalideal, i.e., Rp = ( 926G g)R. Thusfor ead i 6 0, the dimension,
of Rj isat leastlg = L(G). So,1+1lg(s 1) m. If | isanideal of dimension
[, then it is a direct sum of at most |=lg + 1 of the Rj. There are at most
s'7lo*1 such direct sum,soj |j s/t m!Fho+l, H

Note that we can get a sharper bound, but this is sucient for our
purpose.

Replacing the estimatesin Lemmas2.2 and 2.3in (5), we get

=) xn 2 |m|:|o+1 X 2|(h(w1=m)+ h(wz=m))

I=1p Wi;W2 Owi+we<2 m

2 Im!=o*1 (2 m)222h() (since h is corvex)

I=1o
XN o L op() 9gm +3logm |

If3 h() g™ 0, weget

2l0(3 h() "’gl_(;“)+4 log m

P

N DN

2lo(3 h()+5 logm.

10



This completesthe proof of Theorem 2.1.

Note that the fact that the estimate of Lemma 2.3 fails for nonabelian
groups doesnot meanthat they do not lead to good codesin the setting of
this randomized construction. All what it says is that the argumert may
need somemodi cations. But in any case,it will becomeclear in Section
3 that the reasonwhy Lemma 2.3 fails for nonabelian groups makes them
subject to a more natural randomized construction.

More generally,

Theorem 2.4 Let G be an atelian group of order m, and consider the ran-
domized codes construction
Cayion: = f(fay;:::;fay)jf 2 F[G]g;

wher az;:::;ax are seleted unlformly at random from R , and R is the

set of evenweight strings in R % FZ[G]
If L(G) grows asymptotially faster than logm, then the code Cy; ... .5,
achievesthe GV bound for rate 1=k with a high proability.

Pro of. The proof is by the sameargumert in Theorem 2.1. We need this
even weight technicality in order to avoid the dominanceof somebad everts
whenk is large enough. The fact that the a; have even weight will take care
of the casewhenf = ey sincethen eya; = 0 always.

Lemma 2.5 Since G is atelian, L(G) dependsonly on the order of G and
is given by
[(m) = minf# 2ipjp a prime divisor of mg;

where iy, is the multiplicative sulgroup geneated by 2in F, .

Pro of. SinceG is abelian, decom[BseG asG Gi1 i G, whereGj =
Zzpfiz and p; is prime. Thusm = 7, pI :G ! GL(F) is anontrivial

Fo-represetiation of G, then the restrlctlon of to one of the G; must be
nontrivial, thus L(G) min; L(G;). Conversely given a represertation

i + Gy ! GL|(Fp) of Gj, wecanextend jto Gvia i(gi:::q%) = i(g).
ThusL(G) = min; L(G;). Sowe canassumewithout lossof generality that G
is cyclic of order a power of a prime, say z=pz. Then the dimensionsof the
irreducible F»-represertations of G are preciselythe sizesof the equivalence
classesin (z=pz)= , wherea bif a = 2'b(mod p*) for somei. The
trivial represenation correspondsto the classconsisting of 0. Thus

L(z=g‘z) = min h(a;p*) where h(a;p) = “min i
O<a<p K i Lia2i=a( mod pk)

11



Now, h(a;pX) = h(1;p') where p' = a=gcd(p¥;a) as can be easily cheded.
Thus _
L(z=mz) = m_i__r_l_k h(1;p") = h(1;p)

.....

becauseh(1;p') h(1;p) for all i 1, and hencethe claim sinceh(1;p) =
# i p.
Now, if r : Z+ ! Z, is a nondecreasingfunction, let

Z(r)=fm2z4jl(m)  r(m)g:

So any family of abelian groups whoseordersis in Z(r) leadsto rate 1=2
codesup to the attainment of the GV bound aslong asr(m)  logm.
Let P(r) be the setof primesin Z(r).

Lemma 2.6 When r(m) P m=Ilogm, P(r) is innite and contains al-
most all the primes.

Pro of. This statemert appearsin Chepyzhov [3], but we include a proof
for completeness. Say that a prime is bad if it is not in P(r), and let B,
be the set of bad primes lessthan n. If p is a bad prime then there exists
integersa and k such that 0 < a< r(p) and 22 1= kp. Sincer(n) is
nondecreasingwe have

iBni #f(a;k) jO< a<r(n) and (22 1)=k primeg
r(n)log2™ 1)  r?(n);
and hencethe lemma follows from the prime numbers density theorem.

So we have many in nite families of abelian groups that lead to codes
up to the GV bound in the senseof Theorem 2.1, for instance:

The cyclic groups of prime order, where the primes are in P(r), and
r(m) = logm loglogm.

Any version of the Abelian groups of order pq where p;q 2 P(r),
r(m) = logm loglogm, and p¥; g€ > pq for someprespeci ed constart
K.

Any version of the abelian groups of order p* wherep 2 P(r), r(m) =
logmloglogm, and k is a prespeci ed constart.

12



3 The dihedral group randomized construction

In this section, we establishthe claim of Section1.3.1. We arguein Theorem
3.4 that for in nitely many block lengths, a random ideal in the binary
group algebra F;[D ] of the dihedral group Dy, is an asymptotically good
rate 1=2 binary code. We show that the condition, we require on m is
satis ed by almost half the primes, namely all primes p suc that 2 is a
nonquadratic residuemod p (i.e., p= 5 (mod 8)) and such that the sizeof
the multiplicativ e group generatedby 2 in F, grows asymptotically faster
than logp. By random herewe meanaccordingto somespeci ¢ distribution
basedon the F,-represettations of D, in Theorem 3.3. The implicit bound
on the relative minimum distanceis h 1(1=4) whereh is the binary entropy
function.
Let m be odd, and considerthe dihedral group

D,, has2m elemens; | I fori= O;landj = 0;:::;m 1.

We are interested in the the structure of F»[D,] in terms of its ideals.
We will work with left ideals.

Note that sincethe characteristic 2 of F» divides the even order of Dy,
the ring F2[Dm] is not semisimple,i.e., its radical is nonzero.

Let N be the subgroup of D, generatedby , and H the subgroup
generatedby . Not that N is normal. Let

Q = F2[N]:

Any elemer r oEFz[Dm] can be represerted uniquely asr = g+ q°, where
6’2 Q. If = g5 gisan elemen of Q, de ne

det X

g2S

and note that ~: Q! Q is a ring automorphism. From the relation =
1 i i

,weget '= for all i, and hence
qa-==e
forall g2 Q.
Since Q is semisimple(becausem is odd), let
Q= Qi

13



be the unique decomposition of Q into two-sidedideals, where ea Q; is a
simple ring. Each Q; must be a eld sinceQ is commutativ e and a simple
commutativ e ring is a eld (the matrix algebraMy(K) over the eld K is
comnutativei d= 1). p

One qf the Q; is the ideal (4, ) generatedby ;g and E, consists
of0and g\ 9. Assumethat the Q; are orderedsothat Qo= (' g N 9)-

The automorphism~maps eah Q; to someQ;. We imposea restriction
on the order m of D,,. We assumethat m is such that

Qi=Qjfori=1:::;s: (6)

We needthis assumptionto simplify the analysis.
We argue below that this assumptionis satis ed for in nitely many val-
uesof m.

Lemma 3.1 Assumption (6) is satis ed for all prime valuesp of m such
that p= 5 (mod 8).

Pro of. Assumethat m is a prime p. Assume further that p= 5
(mod 8), or equivalertly, 2 is a nonquadratic residuemod p. Realize Q as
Q= F[x]=(xP 1), andlet bea primitive p'th root of 1in a extensionof
F», thus the irreducible decomposition of xP 1 over F; is

Y Y
xP 1=(x 1) oa(x); wherega(x) = (x 4):
A2F, =fei azA

In theseterms, the Q;, wherei 6 0, are in one-to-onecorrespondencewith
the cosetsA 2 F,=2i. The ideal Q; corresponding to A is generatedby

Y
fa(x)=(x 1) 98 (X):
B2F,=2i:B6 A

Thus Q; is generatedby fa(x) = f a(x). HenceQ; = Q;i A= A. This
holds for all A 2 F,=t2i | 12 m2i, which can be guaranteed when 2 is a
nonquadratic-residuesincein suc a case2(® =2 = 1 (mod p).

Denition 3.2 If F isa eld, by F we mean the multiplicative group of

F. More geneally, if A is a commutative ring with identity, A will denote
the multiplicative group of the units of A.
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Theorem 3.3 Let R = F,;[Dy], wher Dy, is the dihedral group, and m is
odd. Assume further that (6) holds. Then the ring R decomposesinto a
direct sum of two-sided ideals as

whete the structure of the R; is as follows.

1) dimg,Ro = 2. The ideals of Rg are (0) Jo Ro (Jo is two-sided),

where
X X
Jo = ( g) = f0; )
02Dm 02Dm
and X X X X
Ro=( 9g)=f0; g g, 99
g2N g2N 92N 92Dm
2) Fori=1;:::;s, wehave
Ri=Q Qi
EachsuchR;j is simpleasaring andisomorphicasaring to M >(Fi;-2),
whee |; = dimg,Q;. Moreover, R; contains 2i=2 + 1 nonzemo irre-
ducible left ideal all isomorphic and each of dimension |;. They are

given by
Iy = Qi1+ )b=fgl+ )Hq2 Qig, for [0 2 Q; =Z; ;
wher Z; = fg2 Q;jg= &g is a sub eld of Q;.

P . .P S

Notethat ( gp, 9)? = jDmj 92D 9= ObecausgDnj is even. Hence
J¢ = (0), and consequetly Ry is not semisimple. In fact it is not di cult
to show that Jg is the radical of R.

Pro of. The represenations of D, are essetially similar to the
semisimplecasecorresponding to the situation when instead of F, we have
a eld F whosecharacteristic doesnot divide the order of D, (seefor in-
stance[l, 4]). We needhowever to worry about the fact that the ring is not
semisimple and furthermore we needto list all the irreducible left ideals.
This is not hard sincethe group is simple to analyze.

Eadh R; is a two-sidedideal sincegR; = Rijg= R; for each q2 Q, and
R i = Rj = R;j. The claimed structure will essetially follow oncewe show
that: for all i 6 O, we have

15



I) R; cortains no other two-sidedideal, and is thus simple as a ring.

1) a) Each I[ib] is an irreducible left ideal.
b) 1oy 6 1 [b1] € [ba].
c) Any nonzeroleft ideal in Rj must contain one of the I[‘b].

To seewhy it is enoughto establish (I) and (I1), note rst that the fact
that R; is simple implies that all the nonzeroirreducible left idealsof R; are
isomorphicand that R; isisomorphicto M 4(K ) for some nite eld K, where
dissuc that Rj = J-dzl Rij andthe Rj;j areirreducible (the decomposition
is not unique unlessd = 1). Combining this with (I1), which says that
ead I[ib] is irreducible, we seeby dimensional considerations (dim lefb] =
dim,:zQi = |; and dim,:zRi = dim,:zQi + dim,:2 Qi = 2;) that d= 2 and
hencejK j = 23dime,Ri = 2li=2,

The claimed number of nonzeroirreducible left ideals then follows from
the fact that, in general, the number of nonzero irreducible left ideals in
M2(K) is jKj+ 1. To seewhy this is true, let | be the set of principal
left ideals| of M,(K) that are not equalto 0 or My(K). We will argue
below that dimg | = 2 for all ideals| in I. By dimensional consideration,
this implies that any ideal in I must be irreducible, and the idealsin | are
the only irreducible left ideals. The intersection of two idealsin | must be
the zero ideal becausethey are irreducible. Moreover, the idealsin | are
generated by rank-one matrices (sincel 6 (0);M,(K) forall I 2 1), i.e.,
elemers of M (K )n(GL2(K) [ f0g). Thus[,, (Inf0Og) is a disjoint union
equalto Mo (K)n(GL2(K) [ f0g). It follows that

- I[ 21 (InfOg)]
ilj = 121

jI nfQOgj
_IMa(K)n(GL2(K) [ f0Og)j
jKjz 1
_ IMa(K)j 1 jGLa(K)j
jKjz 1
_ iKi* 1 jKj(Kj 1)%(Kj+ 1)
jKjz 1

= jJKjZ+1 jKj(Kj 1)=jKj+ 1

We still have to show that dimg | = 2 for all ideals| inl. Letl 2 1.
Sincel 6 0 or M,(K), I must be generatedby a somerank-one matrix
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A. DecomposeA asA = B C, where 6 0,and B and C are

00
invertible matrices. Thus

I = MaK)A=M(K)B o o C=MAK) 4 4 C
!
- 1 :
= MAK) 54 C
It follows that ( ! )
1= @ C:ac2K
C

Therefore, dimg | = 2.

Proof of (I): Letr = ri+ r », wherery;rp 2 Qj, beanonzeroelemen of
Ri, and considerthe two-sidedideal | generatedby r. It is enoughto shaov
that R; | (and henceR; = 1).

First we show that | must contains an elemert q = 1 + (2, where
h;p2Qj, w6 0,and g 6 . If ry = 0,useq= r. Ifr=ry1+ rq,
try q= gr for g2 N. Thusgr = gr1 + g !r;. Assume,for the sake of
cortradiction, that gry = g 1rq, for all gin N. Hence,g?r1 = rq, for all g
in N. Sincethe squaremap N ! N, x 7! x2, is subjective (becalgsem is

odd), wegetgry = rq, for all gin N. This canonly happenif ry = 5\ g.
But then rq 2 Qg, which is not true.
Thus

a+ G k= (n+ ®)+( o+ ¢ E)=q+q =g (F+ P

is anonzeroelemen Q; insidel , whereinversionisin Q; asa eld. Note that

Oy 1(qf+ o) 6 Osinceq 6 g and the characteristic of Q; is 2. Consequetly,

I contains Qj, and henceR; sincethe two-sidedideal generatedby Q; is R;.
Proof of (I1):

a) Wehave q(1+ )=¢g(1+ ), forallg2 Q. Thus Q i(1+ )b=
Q1+ )=Qi(l+ )bandqQi(l+ )b=Qi(l+ )bforalqg2Q,
and hencel , is a left ideal.

I[ib] is an irreducible left ideal of R sinceQ; is an irreducible ideal of Q
and |[ib] = Qi(1+ )b

b) Let b2 Q; . The left ideal I[ib] is generatedby (1 + )b since (1 +
)b = g(1+ )b where g is the identity elemen of the eld Q;.
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Let bi;bp 2 Q; . Thus, If,, = Iy, i there exists g2 Q; suc that
gl+ )by =1+ )by, ie., bp= gb and b = eb. Combining both
equalities, we get g, = e, Multiplying by the multiplicativ e inverse
of by in Qi, we obtain q= & Hencely, = I}, i thereexistsq2 Z,
such that b, = gy, which is equivalent to saying that [b] = [by].

c) If I isanonzeroleft idealin Q;, letr = b+ b, beany nonzeroelemen
of I, whereby; b, 2 Q; arenot both zero. If by = bp,ie.,r = (1+ )by,
then I = Qi1+ )b = Qir |. If by & by, considerthe elemert
rO=r+ r ofl. Sincer®=b+ b+ bi+hb= 1+ )b+ ), we
getthat ljp . p) = Qi(1+ )(bi+ k) = Qir® | (notethat b+ b, 6 0
sinceb; 6 by).

This completesthe proof of Theorem 3.3.

Now, we know all the left ideals | of R. They are direct sums of the
formI'= 1", whereead |' is either 0, R;, oneof the Iy, if i & 0, or Jo
if i = 0.

Theorem 3.4 Let m be an odd integer, and consider the dihedral group
Dm. Assume further that (6) holds. Let R = F;[D], and consider the
unique decomposition

R = iS:O RI:

of R into two-sidel ideals asin Theorem 3.3.
Consider the following randomizeal code construction: generte a rate-
(3 =) random left ideal | of F[Dm] as

= 5,00
where each | is seleted uniformly at random from one of the 2= 1
nonzeio irr educible left ideals of R;.

If > Oissuchthat h() % Ich?nT) then the probability that the

minimum relative distance of | is below is at most2 2(m)@=4 h())}*5 logm
whetre h is the binary entropy function.

Moreover, there are in nitely many suchm suchthat (6) holdsand I(m)
growsasymptotically faster than logm, for instance for almostall the primes
p= 5 (mod 8).

Therefore, there are in nitely many integers m suchthat the left ideal |
of F;[D ] is an asymptotially good rate 1=2 binary code with a high proba-
bility.

18



Pro of. First, recall that since Q is a direct sumlgf idealsQ = Q;,
ead elemen g of Q has a unique decomposition q= ; ¢, whereg 2 Q.
Recall also that since the decomposition is into two sided ideals, we have
QiQ; = (0) for aIIPi 6 | (becauseQerj Q\ Q = @)). Thus if g

decompsesasq= ;g and®as®= ;¥ wehaveqq®= ;g Finally,
recall that ead Q; is a eld beinga simple commutativ e ring.
Let Q = ?;Qj,andlet Q be the multiplicativ e group of units of of
Q . Thus
x3

Q =f ¢:g2Q g
i=1

WI"|§reQi is the multiplicativ e subgroupofthe eld Q;. Note that (P ig) !
= %, q ' whereqg !is the multiplicativ e inverseof ¢ in the eld Q. Fi-
nally, let T be the subgroupof Q givenby T = fg2 Q jg= g0

Similarly, sinceR is a direct sun]bof idealsR = Rj, eat elemen r of
R has a unique decomposition r =  ; r;, wherer; 2 R;. Moreover, since
the decomposition is into th sidedideals, we hg,ve RiR; = (0) for aE,i 6].
Thusif r decomposesasr = rij andrasr®= " r wehaverr®= = ;rirf

Therefore, the above randomized construction is equivalent to the fol-
lowing: pick a random left ideal

I = QL+ )b=Q (1+ )b=fql+ )Hg2Q g

where [b] is selecteduniformly at random from Q =T.

From Section 2, we know that there are in nitely many m with 1(m)
logm, and they cortain speci cally almost all the primes. Combining with
Lemma 3.1, we get that there arein nitely many such m such that (6) holds
and I(m) grows asymptotically faster than logm, for instance almost all the
primesp= 5 (mod 8).

To establish the minimum distance bound, we follow the argumert in
Theorem2.1. We will usethe structure of the dihedral group represertations
from Theorem 3.3 at the end in (9), (10), and (11).

Obsene the relation betweenthis randomized construction and the rate-
half randomized construction in that Theorem 2.1. This ensenble of codes
is, in a suitable sensea subfamily of that ensenble.

SinceQ isagroup,Q =aQ forallain Q . Thus

ly=Q (L+ )b=aQ (1+ )b;

forall ain Q . Hencethe probability P that the minimum distance of | |
is belov 2 m when [b] is selecteduniformly at random from Q =T, is the
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same as the probability that aQ (1 + )b hasa minimum distance belov
2 m, when a and b are selecteduniformly at random from Q
Now we proceedasin Theorem2.1. P is the probability that there is an
f2Q,f 60,suhthat 0 w(af(1+ )b)< 2m . ThusP is at most
X
Pramwo [0 w(af(l+ )b <2m |
f2Q ;f 80
and this is at most

xn
iDijmaxPrapq [0 w@f(l+ )b<2m];
I=1(m) !

whereD; = D;\ Q ,and D, = ff 2 Qjdimg,f Q = Ig. As beforewe have
iDij b 2 s
where | is the set of left idealsin Q of dimension].
Considerany |, andany f 2 D, . We have
Prampo [0 wg(af 1+ )bh<2m]

= Prapo [@fF(1+ )b=r];
r2u S.t. 0 w(r)<2m

where
u=Q f(1+ )Q ;
and this is at most
X
maxPramo [fal+ )b=r] jl (wjj) (wa)j.
r2u '
Wiw2 Owi+we<2 m
wherel = f Q, and 1 ™ is the set of elemerts in | of weight v. Fix | I(m),
any f in D;, and any r in U. We will argue at the end that
Pramo [fa+ )b=r] 2 3= 7)

We have from Lemmas2.2 and Lemma 2.3that j ;j —m'= M+ jj (wi);
2hwi=m) “and jI W2)j  2'hw2=m) = Thys, modulo (7), we are done since by
arguing asin Theorem 2.1, we get

P X 2| ml:l(m)+l 2 3l=2 X 2|(h(W1=m)+ h(wz=m))
I=1(m) WiWp Owit+we<2 m
xn

2 12m!Fm*L 2 m)222h()  (since h is convex)
1= 1(m)
2 21(m)(% h( ))+5 logm.
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where the last bound holds when 7 h( ) ';f?nﬁ”) 0. The dierence is

that now we have 1=4 instead of 1=2. The reasonis that beforewe had 2 ?
instead of 2 372,

We still have to establish (7). The rst thing to note is that when a
and b are selecteduniformly at random from Q , ead r 2 U is equally
likely to occur asf a(l+ )b. The reasonis that if r = a% (1+ )b° where
a2 Q ,thenthe evert af (1+ )b=r = a%(1+ )b’ canbeexpressed
as

a%%f(1+ )BD=ef(@l+ e =f(1+ );

where a®(respectively b is the inverseof a° (respectively b9 in the mul-
tiplicativ e group Q , and where e is the identity elemen o'ggroup Q
which acts also as an identity elemen for the ring Q (e i &, where
ead g is the identity E,Iemerl ofPthe eld Qi. Thusif f i fi, where
fi 2 Qi,wehavefe = ,fig = ,f;=1). Therefore

Prag [%&f(1+ )pPb=1f(1+ )]
Pramq [af(1+ )b=f@+ )]

Pra;sz [f a(l+ )b= r]

sincea®® = Q and Y
r 2 U, weget

Q . Sincethis is independert of choice of
Pr [fa(l+ )b=r]= 1. (8)
a;b2Q o - - JUJ .
Decomposef uniquely asf = iszpfi, whereead f; 2 Q;, and let S be
the setof i such that f; 6 O,thusl = ;,5li. We can expressU as

Q f(1+ )Q =fx uijui 2 Q; fi(1+ )Q; g
x i2s
foouju2Q (1+ )Qig

i2S

U

since,fori 2 S, wehavef;Q; = Q; becausd; isinvertible beinga nonzero
elemen of the eld Q;. Now,

[ [ [
b2Q, b2Q, b2Q,

where we have used in the secondequality the fact that Q; is a group
(henceqgb6 Ofor all g;b2 Q; ) and the fact that ~is an automorphism of
Q; (henceb6 Oforallb2 Q,) .
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We know from Theorem 3.3 that I[ibﬂ 6 I[‘bz] i [b1] 6 [bp] aselemerts of
Q; Z; . Thus

[ [ .

Q 1+ )Q = | jynfOg: 9)
[b]ZQi =,

From Theorem 3.3, the I[ib] are nonzeroirreducible left ideals of R;. Since

the intersection of two left idealsis a left ideal, the above union is a disjoint

union. Hence X ‘

Qi (I+ )Qij= jl{gnfOgj: (10)
b2Q; =Z,

Using Theorem 3.3 again, we obtain

jQ (1+ )Qj= @+ 1@ 1) (11)
Hence Y Y
jUi=  jQ (1+ )Qij= (@"2+1@" 1)
i2S i2S
Noting that

(2|i=2+ 1)(2|, 1) — 23|i=2+ 2|i 2|i:2 1 23|i=2;
sincel; 2 (l; is divisible by 2), we obtain
P
jUj 23=2 i2sli = 23|=2;

and hence(7) via (8).

This completesthe proof of Theorem 3.4.

It is important to note that the h 1(1=4) bound we obtained on the
minimum relative distance is unlikely to be tight. We ended up with this
bound becauseour argumert is basedon courting, and the construction
does not have enoughrandomnessso that a courting argumert can go up
to the GV bound, i.e., up to h 1(1=2).

4 Conclusion

We studied two randomized constructions of binary linear codes that are
invariant under the action of somegroup on the bits of the codewords: a
randomized abelian construction basedon the action of an abelian group
on a number of disjoint copiesof itself, and a nonabelian randomized con-
struction corresponding the action of the dihedral group on a single copy of
itself. We arguedthat both ensenbles of codesare asymptotically good.
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