Solutionsfor Homewor k#7

PROBLEM 1 (P. 25 on page 377) To afirst approximation, a nuclear reactor building can be modeled as a
rigid cylinder of radius R=20m and height H=60m, with an average mass density of r = 625 kg/n? ("=25%
of solid concrete”). This building is supported by a soil with shear wave velocity Cs=300 m/s, mass density

r <2000 kg/n?, and Poisson’s ratio n=1/3. Using approximate expressions for the foundation stiffnesses,
determine the six natural frequencies and modal shapes of this system.

SOLUTION

The nuclear reactor is modeled (to afirst approximation!) as follows:
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The mass of the cylinder is calculated as follows:
m, =V, xr = (pxReH ) xr = px20°x60 625 @47.12" 10° ky {1}
The shear modulus, G, of the soil is calculated as:
G, = r xC? = 2000 x300% =180 "~ 10° N /n? {2
The six natural frequencies and modal shapes of the system are:
Vertical Oscillation
T
Vertical Stiffness K, =2GR_4480 10 %20 _ 5167 10° N/m 3

1-v 1-1/3

Therefore, the natural frequency for vertical oscillationis:

e 9
w, = fﬁ = |28 10" 51 41 rad/sec 4
m  \47.12" 10°

Its mode shape isaany scalar.

Torsional Oscillation




16 G, R® _ 16 X180 10° x20°

3 = 7.68" 10 Nm {5

Torsional Stiffness K; =

The moment of inertiafor the circular cross-section of the cylinder is defined as:

m R* _ 47.12° 10° x20°

J. =
T 2 2

= 9.42" 10° kgm? {6}

Therefore, the natural frequency for torsional oscillation is:

4 2
w, = (Ko = |78 107 _ o555 radsec 7
3. 942 10

Its mode shape isaany scalar.

Horizontal and Rocking Oscillation *(coupled)

Recall the solution of P. 1 in the lecture note.
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We formulate the equation of motion with respect to the center of mass:
Horizontal Equuilibrium: mu, + K, u =0 {8
o . H
Moment Equilibrium: J.q +Kgq - Kxub?=0 {9}

We substitute in equations { 8} and {9}, the displacement of the base up, as a function of the displacement
of the center of massuy and the angle of rotation, q, i.e.:
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! Note that the frequencies are the same for x and y direction, due to symmetry of the structure.



The equation of motion for the 2-dof system is now formulated as follows:
. H  _
rT“'IO-'-KXUO_ Kqu_o

2
‘]cq'+KRq - KxuOHE-'-quHT =0

Equation { 11} can be expressed in matrix form asfollows:

D), D> > D> D

We now calculate:
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5, =B RO 471 16T, 01565 10 kg?

Y 6
K. =K, = 8GR _8%80° 10°0 1728 1°N/m
Y 2-n 2-1/3
K = Ky = PGOR _ 8480 10° X0

= =576 102 N
"% 3(1-n)  3(1-1/3) "

The eigenvalue problem is formulated as follows:

(K- w?M)*,

I
o

For the solution of {16} to be non-trivial, we demand:

|K - w2 |v|| =0
e . ] - 1000 u
5 1728 10° 17.28 10> 0 64712 10° 0
& 60 oorg "8 o ses10d|°
€ 1728 10°x— 576 102 +17.28 10— Y @€ : 0
e 2 4 H
e e 2 Vs 9 m
17.28" 10° - 47.12 10°w -17.28" 10 =

-17.28 10° XGEO 5.76" 10“ +17.28" 10° x? -18.85" 10°w?
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The solution of the quadratic equationin {17}, has the following solutions:

w, =8.89 rad /sec
w, = 37.66 rad /sec

To define the modal shapes, we set f 1, = 1.00, and solve for f 5, using the eigenvalues calculated above.
We therefore have:

2[7.28' 10° - 47.12" 10°w,? -17.28" 10° %o Hi ;
: 60 o at y=0 (1
g -17.28 109x5 5.76" 10” +17.28’ 109><T -18.85 10°w,’ a' 2n

From the first equation in { 18}, we evaluate f ,, asfollows:

17.28 10° - 47.12" 10°w,?
= ) {19}
17.28 109>cE

Substituting in {19} n=1,2, we evaluate:

f2n

f 1, =0.026 rad
f o, =-0.096rad

The modal shapes for the coupled horizontal — rocking motion are schematically shown below:
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PROBLEM 2 (P. 27 on page 377) A simply supported massless beam has two masses lumped, as shown.

Determine

a) Thefrequencies and modal shapes

b) The dynamic response that the system would haveif att =0 gravity were to be suddenly “switched on”
(physically, but not mentally impossible...). Basicaly, we are asking here to compute the modal

contributions to the response, to write down the expressions, and perhaps sketch the response of one of
the masses.
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SOLUTION

Recall the deflection shape of the beam, from Problem 1, Homework No. 1.
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The structure under consideration is shown in the figure below. The system has 2 dynamic dof’s, namely u;
and u,.

m, m,
O O M=m
A N\ N\ &
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L/3 L/3 L/3
The mass matrix of the structureis simply:
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To evaluate the stiffness matrix, we first construct the flexibility matrix as follows:

We apply aunit load P; = 1.00 at the 1" degree of freedom, and cal cul ate the deflection at the 1™
degree of freedom, f;;, and at the 2ond degree of freedom, f,;.

P =1.00

For a=L/3 and b = 2L/3, we evaluate the flexibility coefficients by substituting in equation {1} :

3 e l\J 3
f, —u(L/g) =L 213 |_/3 a2l /30 e /3 gu_4 L
6EI L §°§ L5 SLoy 23
3 é 2 U 3
f =u(2L/3) = L L/3&i_ 2L/3(_) &L/Bg & 2L/3(_) 7 L
6EI L & Lgégl_gé L 5g 4868

We apply aunit load P, = 1.00 at the 2" degree of freedom, and cal cul ate the deflection at the 1"
degree of freedom, f;,, and at the 2" degree of freedom, f,,.

For a=2L/3 and b = L/3, we evaluate the flexibility coefficients by substituting in equation {1} :

L2 L/3L/39 2 136 aeL/SoU_ 7 °
6EI L L g Lo &Lpg 486E

f, =u(L/3) =

13 2"/3"’? 2|_/3oe a@L/38 % 2L/35U 4 B3
— 0= ===
6EI L & Lgeggg L og 243 E

f, =u(2L/3) =




The flexibility matrix of the structure is formulated as follows:

é4 7 U
A f f.u LB €523 2gaU

E = g u Ez L e243 486[; 2
éfa fpu El € 7 _Tu
8486 243H

F-l:K:g( u: L:l {3}

The eigenvalue problem is formulated as follows:
(K-w?M)%, =0 (4

For the solution of {4} to be non-trivial, we demand:

|K-w2|v||=o
GASEIé 4 -350 .,ém O
c &35 4 U"& anfi|7C o
é o a é mg
- - 213
4- | 35| 0 where| = WLM
-35 4-2] 64.8 El

The solution of the quadratic equation in {5}, has the following solutions:

El
|, =567 b w, =19.17,/E

El
1,=033pP w,=462,|—
2 2 mL3

{6}

To define the modal shapes, we set f 1, = 1.00, and solve for f 55, using the eigenvalues calculated above.
Wetherefore have:

&-1  -35 (1j1.00(
= 2t > =0
&35 4-2 Hif,p {7

{8

Substituting in {8} n=1,2, we evaluate:



f 21 =-0.477m, f 22 =1.049m
The modal shapes are schematically shown in the figure below:

| 100 j 1100
* 7047} > 11.049)

We now calculate the response of the system, it at t=0 a step load of amplitude P; = -m g and infinite
duration, is applied to the i degree of freedom.

Wefirst calculate the modal masses (m) and modal stiffnesses (k;) asfollows:

0ui 1.00 g
={1.00 -0477} gﬂ ul U_ 1 455m
&0 2mu|-0477

ém OU| 1004

m ={1.00 1049 & =3.20m

&0 2m 1.049%
{9
4 -350] 1.00 ¢
k, ={100 -0477}648'5'2 3501 100 U _pan sl
35 4 Hi-0477) L
4 -350] 1.00
, ={1.00 1049}64852 o1 190U - g 6aEL
€35 4 Y 1049% L
The modal forces are calculated as follows:
i -mg
={1.00 -0477}{ _ ° y=- 0.046m
P, ={ }%-2ng g
{10}
,={100 1049} % 0 =- 3098mg

The response of a 1-dof system with zero initial conditions, u, = U, =0, due to a step load of infinite
durationis:

q, (t):E—j(l— cos(w, t)) {11}

Therefore, the response of the system, is calculated using modal superposition, as follows:
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100G sl 100G mgl®
Lo 477?; 8.59" 10 (1- cos(w,t)) %1.04% 0.045— (1- cos(w,1))

In what follows, the displacement time history of the masses is plotted.

A U4 (1), us(t)

Asit can be readily observed, the second mode mainly contributes to the response as the oscillation of the
two masses is essentially in phase.



PROBLEM 3 (P. 28 on page 378) In the structure shown, determine all frequencies and modal shapes (but
think before you proceed...)

k k k k k
[ o i

(Y ou may verify your answerswith MATLAB, but you should also work out this problem by hand.)

SOLUTION

Recall the solution of Problem 3, Homework No. 1. The system above can be analyzed using symmetry and
antisymmetry concepts, as follows:

Antisymmetric mode

The two left masses are moving in phase with the two right masses, and due to the symmetry of the
structure, the middle point is not moving.

Therefore, the system can be analyzed as follows:
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For this system, the modal frequencies are calculated as follows:

k
w, =2 smg (2n- 1) {1
which is derived on pages 333 to 340in the Iecture note for a d|screte shear beam.

Therefore, for N = 2, substituting in {1} n = 1,2, we calcul ate;

k . ap o} k
W, =2,]—Snc—=(2-1) =054, |—
! d2m 88( )iz; \‘m

K . ap 5] k
=2 [—s9sn 4-1)==1307 |—
e om > 8§( ) m
The modal shapes are now calculated as follows:
= cosZP_(i-1)(2n-1)2
fo —COS(éZN(I 1)(2n 1)E {2

Forn =1, we have:



fu :cos?%(l- 1(2-1)2=1.00

(%]
fo= cosg%(z- 1(2-1)2=0.707
a

and for n = 2, we have:

f,= cosg%(l- )(4-1)%=1.00

%]
fo =cos§%(2- 1)(4-1)2:- 0.707

Symmetric mode
The two left masses are moving to the opposite direction from the two right masses, and due to the
symmetry of the structure, the system can be analyzed as follows:
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The mass and stiffness matrix of the structure are shown below:

K=kE> M M=m& %
&1 34 0 1Y

The eigenvalue problem is formulated as follows:
(K-w2M)%, =0 (3

For the solution of {4} to be non-trivial, we demand:

|K-w2|v||=o
52 -10 L, &m 0y
ke Lowe, =0 4
e—l Su eO my
_ _ 2
2-2 1y whee| WM
-1 3-1 K

The solution of the quadratic equation in {4}, has the following solutions:
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To define the modal shapes, we set f 1, = 1.00, and solve for f 5, using the eigenvalues calculated above.
Wetherefore have:

@-2 -1

u u
=0 6
§-1 31 Hif,.p ol

From thefirst equationin {6}, we evaluatef ,, asfollows:

f, =2-2 {7
Substituting in { 7} n=1,2, we evaluate:

fo1=-444,f ,,=044

Therefore, the spectral and modal matrices of the structure are the following:?

1.307
1.80

W= diag(w; ) = K

3
D> D> D> D> Dy
g
o
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21.00 100 1
6100 100 -1 -

0707 -0.707 -444 044

1
: 1
§.707 -0707 444 -0
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2 Note-.The eigenval ues and eigenvectors could have been obtained directly from the following EVP:
(K-w2M)%, =0

é2 -1 0 O0u [ u
é a é a
~1 2 -1 0 ~ 1 -
where K =k € u M=mé a
&0 -1 2 -10 & 1 4
§0 0 -1 2§ & 2

yet the problem demands much more computational effort.



