
Physics 8.20 Special Relativity IAP 2008

Problem Set #1 Due 5pm Monday January 14
Physics pset boxes (sort of outside 8-329, in the corridor between buildings 8 and 16)

Announcements

• Please remember to put your name at the top of your paper.

• All problems marked (RH) are taken from Resnick and Halliday, Basic Concepts in
Relativity .

• Working through problems such as these is vital to your understanding of the material
covered in class. With this in mind, you are encouraged to work with others, but your
write-ups of your solutions must be your own work. Use of solutions from previous
years, copying solutions from classmates, and copying solutions from the web are all
serious academic offenses in this course, and subject to MIT disciplinary action.

Topics for this period

• Introduction and relativity pre-Einstein

• Einstein’s principle of relativity and a new concept of spacetime

• The kinematic consequences of special relativity foundation for spacetime

Reading

• Resnick, Chapters 1 and 2

• French Chapters 1 – 3

• Einstein §1 – 12 and Appendix 1
A beautiful exposition of the main concepts in Einstein’s own words

Problems

1. Speeds (4 points)

What fraction of the speed of light does each of the following speeds represent? (If
any calculation is required, use Newtonian mechanics; ignore any relativistic effects.
In cases where calculation — as opposed to unit conversion — is required, comment
on whether your Newtonian results are good approximations to the correct speed.)

(a) A billiard ball moving at 1 m/sec.

(b) A Kurt Schilling fast-ball, crossing the plate at 90 miles/hr.
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(c) A satellite orbiting the Earth in low-Earth orbit. The radius of the Earth is
6.4× 106 m.

(d) A proton dropped onto the surface of a white dwarf star from rest at a great
distance. A white dwarf star is a compact star with a mass of about 1.4 times
the mass of the sun and a radius of about 5,000 km. The mass of the sun is
2.0× 1030 kg. Assume that the proton starts at rest infinitely far from the star.
Calculate its kinetic energy when it crashes into the neutron star surface, and
then calculate its velocity.

(e) A spaceship, starting from rest, accelerated at 1m/sec2 for 50 years. Note this
is about 1/10th the acceleration due to gravity at the surface of the earth.

(f) An electron in the circular LEP accelerator at CERN in Geneva. This is the
highest energy accelerator in the world, and accelerates electrons to a final energy
of 1.01× 1011 electron-Volts.

2. Dropping a ball on a train (4 points)

A train moves at constant speed 20 m/s in the x direction as measured by ground
observers. A ball on the train is released from rest at a height of 5 m. Let S denote
the ground frame of reference and S′ the train’s rest frame.

(a) Describe the motion of the ball as seen by an observer on the train. Write
equations describing the ball’s motion in the frame S′ by specifying x′, y′, z′ as
functions of t′, with the initial condition that ball is released at the position
x′ = y′ = 0, z′ = 5m at time t′ = 0.

(b) Use the Galilean transformation to write equations that describe the ball’s mo-
tion in the frame S. Sketch the trajectory in this frame and state what curve it
corresponds to.

(c) By differentiating the expressions derived in parts (a) and (b), find the three
components of the ball’s velocity and acceleration in each frame. Verify that
Newton’s second law is satisfied in each frame.

3. The Galilean transformation generalized (RH) (4 points)

Write the Galilean coordinate transformation equations (see Resnick Eqs. 1-1a and
1-1b) for the case of an arbitrary direction for the relative velocity ~v of one frame with
respect to the other. Assume that the corresponding axes of the two frames remain
parallel. (Hint: let ~v have components vx, vy, vz.)

4. Frame independence of momentum conservation (RH) (4 points)

(a) An observer on the ground watches a collision between two particles whose
masses are m1 and m2 and finds, by measurement, that momentum is con-
served. Use the classical velocity addition theorem to show that an observer on
a moving train will also find that momentum is conserved in the collision.
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(b) Repeat this analysis under the assumption that a transfer of mass from one
particle to the other takes place during the collision, the initial masses being m1

and m2 and the final masses being m′
1 and m′

2. Again, assume that the ground
observer finds, by measurement, that momentum is conserved. Show that the
train observer will also find that momentum is conserved only if mass is also
conserved, that is, if

m1 + m2 = m′
1 + m′

2.

5. The invariance of elastic collisions (RH) (4 points)

A collision between two particles in which kinetic energy is conserved is defined to be
elastic. Show, using the Galilean velocity transformation equations, that if a collision
is elastic in one intertial reference frame, it will also be elastic in all other such frames.
Could this result have been predicted from the principle of conservation of energy?

6. Work in two Inertial Frames, I (5 points)

Resnick, Chapter 1 Problem 5, p 45.

7. Work in two Inertial Frames, II (5 points)

Resnick, Chapter 1 Problem 6, p 46.

8. Binomial expansion (4 points)

We will be using the “binomial expansion” often in 8.20. It reads:

(1 + ε)a = 1 +
a

1
ε +

a(a− 1)
2 · 1

ε2 +
a(a− 1)(a− 2)

3 · 2 · 1
ε3

+
a(a− 1)(a− 2)(a− 3)

4 · 3 · 2 · 1
ε4 + . . . (1)

This is the Taylor series expansion for the function f(x) = xa around the point x = 1
and converges when |ε| < 1.

(a) For what values of a does the expansion terminate with a finite number of terms?

(b) Use eq. (1) to derive an expansion for (a + b)c when |b| < |a|.
(c) Consider 1/

√
1− v2/c2. Write this in the form (1 + ε)a and expand it using the

binomial expansion and give the first four terms.

(d) If v/c = 0.3 how large an error would you make by keeping only the first two
terms in part (c)? the first three terms?

9. Numbers for Michelson-Morley (4 points)

In the Michelson-Morley experiment of 1887, the length, ` of each arm of the inter-
ferometer was 11 meters, and sodium light of wavelength 5.9× 10−7 meters was used.
Suppose that the experiment would have revealed any shift larger than 0.005 fringe.
What upper limit does this place on the speed of the Earth through the supposed
aether? How does this compare with the speed of the Earth around the Sun?
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10. Michelson-Morley for a real wind (RH) (4 points)

A pilot plans to fly due east from A to B and back again. If u is her airspeed and if
` is the distance between A and B, it is clear that her round-trip time t0 — if there
is no wind — will be 2`/u.

(a) Suppose, however, that a steady wind of speed v blows from the west. What
will the round trip travel time now be, expressed in terms of t0, u, and v?

(b) If the wind is from the south, find the expected round-trip travel time, again as
a function of t0, u, and v.

(c) Note that these two travel times are not equal. Should they be? Did you make
a mistake?

(d) In the Michelson-Morley experiment, however, the experiment seems to show
that (for arms of equal length) the travel times for light are equal; otherwise
these experimenters would have found a fringe shift when they rotated their
interferometer. What is the essential difference between these two situations?

11. Michelson-Morley generalized (5 points)

French Chapter 2 Problem 8, p 60

12. Michelson-Morley for sound waves (5 points)

French Chapter 2 Problem 9, p 61

13. Ehrenfest’s thought experiment (RH) (5 points)

Paul Ehrenfest (1880-1933) proposed the following thought experiment to illustrate
the different behavior expected for light under the ether wind hypothesis and under
Einstein’s second postulate:

Imagine yourself seated at the center of a spherical shell of radius 3× 108 meters, the
inner surface being diffusely reflecting. A source at the center of the sphere emits
a sharp pulse of light, which travels outward through the darkness with uniform
intensity in all directions. Explain what you would expect to see during the three
second interval following the pulse under the assumptions that,

(a) there is a steady ether wind blowing through the sphere at 100 km/sec, and

(b) there is no ether and Einstein’s second postulate holds.

(c) Discuss the relationship of this thought experiment to the Michelson-Morley
Experiment.

14. Weighing the sun (RH) (4 points)

(a) Show that M , the mass of the sun, is related to the aberration constant, α =
tan−1 v

c , by

M =
α2c2R

G
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in which R is the radius of the Earth’s orbit (which we assume to be circular)
and G is Newton’s constant (G = 6.67 × 10−11N m/kg2. Hint: apply Newton’s
second law to the Earth’s motion around the sun.

(b) Calcuate M given that α = 20.5′′ and R = 1.50× 1011m.

15. “Emission theories” (6 points)

One of the early responses to the realization that electromagnetism predicts that the
speed of light is a constant took the form of “emission theories”. These theories
assume that the speed of light is a constant, c, with respect to the source that emits
it. They then have to deal with what happens when the emitted light reflects off a
mirror — what velocity counts then? Consider three versions of emission theories
that differ in their predictions of what the speed of light will be upon reflection from
a mirror:

• The “original source” theory: the speed remains c relative to the original source.

• The “ballistic” theory: the speed is originally c relative to the original source,
but upon reflection from the mirror it becomes c relative to the mirror.

• The “new source” theory: the speed is originally c relative to the original source,
but becomes c relative to the mirror image of the source upon reflection.

Now suppose that a source of light, S, and a mirror M are moving away from one
another. To be explicit, assume that the source is moving to the left with speed u in
the laboratory, and a mirror, M is originally moving to the right with speed v. What
is the speed of a light beam (as measured in the laboratory) originally emitted by
the source after it has been reflected from the mirror according to each of the three
“theories”?

According to Einstein’s second postulate what would be the the measured speed of
a light pulse (either before or after reflection from the mirror) as viewed from i) the
lab frame; ii) the rest frame of the mirror; iii) the rest frame of the source.

16. Invariance of the wave equation, I (3 points)

As discussed in lecture, starting from Maxwell’s equations, it is possible to derive a
wave equation whose solutions represent electromagnetic waves. The equation for the
electric field, E, may be written

∂2

∂x2
E(x, t)− 1

c2

∂2

∂t2
E(x, t) = 0 (2)

where c is the speed of light.

(a) In lecture, we showed that E(x, t) = f0(x − ct) is a solution to this equation
that travels to the right with speed c. for any function, f0. Is f0(x + ct) also a
solution? If so, describe its motion.

(b) Show that eq. (2) is not invariant under the Galilean transformation x′ = x−vt,
t′ = t.
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(c) Show however that eq. (2) is invariant under the Lorentz transformation z′ =
a(z − vt), t′ = a(t− vz/c2), where a = 1/

√
1− v2/c2.

Hint: you may find the “chain rule for partial derivatives” useful:

∂f(x, t)
∂x

∣∣∣∣
t
=

∂f(x′, t′)
∂x′

∣∣∣∣
t′

∂x′(x, t)
∂x

∣∣∣∣
t
+

∂f(x′, t′)
∂t′

∣∣∣∣
x′

∂t′(x, t)
∂x

∣∣∣∣
t

17. Aberration, before and after Einstein (RH) (5 points)

Show that, according to special relativity, the classical aberration equation,

tanαclassical =
v

c
classical theory

must be replaced by

sinαrelativity =
v

c
relativity theory.

Thus the ether theory and relativity make different predictions for the aberration of
starlight. However the differences are very small. To see this, consider a realistic case.
Assume that the Earth’s orbital speed is 30 km/sec and take c = 3.00 × 108 m/sec.
Find the fractional difference,

f ≡ αclassical − αrelativity

αrelativity

Note the differences are so small that your calculator may fail to capture the significant
figures. Instead use the series expansions:

sin−1 x = x +
1
6
x3 +

3
40

x5

tan−1 x = x− 1
3
x3 +

1
5
x5

18. Aberration due to the Earth’s rotation (5 points)

In class we discussed the stellar aberration generated by the Earth’s motion around
the Sun. The rotation of the Earth about its axis also causes stellar aberration.

(a) Explain why the amount of stellar aberration generated by the Earth’s rotation
depends upon the latitude of the observer.

(b) For an observer at a given latitude explain why the amount of aberration depends
on the compass direction of the star being observed. Compare, for example, the
aberration of a star viewed on the eastern or western horizon with one on the
northern horizon and with one directly overhead.

(c) What is the largest aberration angle (the tilt of the telescope) due to the Earth’s
rotation alone for an observer a) at the North Pole, b) at the equator, and c) in
Boston at latitude 42◦ north.
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19. Relativity of simultaneity (5 points)

A plane flies overhead an observer on the Earth. Treat both the Earth and the plane
as inertial frames for this problem. The speed of the plane is v. When the plane is
overhead a light signal is emitted from the center of the plane. Subsequently it is
detected by observer A in the front of the plane and observer B in the rear of the
plane. Both observers measure their distance from the center of the plane to be d.

(a) Assume the speed of light is c as measured by the observers in the plane. Explain
why observers A and B agree that the light signal reaches them simultaneously.
How much time does the light take to reach them?

(b) Assuming that the speed of light is also c as measured by an observer on the
Earth, explain why the Earth-bound observer would say that the arrival of the
light signal at A and at B were not simultaneous events.

20. A feeling for the Lorentz factor (5 points)

The “Lorentz factor”, γ = 1√
1−v2/c2

determines the magnitude of many of the most

unusual consequences of relativity (time dilation and length contraction, for example).
What must an object’s velocity be relative to you, the observer, for it’s Lorentz factor
to be:

(a) 1.0001
(b) 1.1
(c) 2
(d) 100
(e) 106

21. Inverse Lorentz transformation (4 points)

Suppose two inertial frames are related by a Lorentz transformation:

x′ = γ(x− vt)
y′ = y

z′ = z

t′ = γ(t− vx/c2)

Solve for x, y, z, t in terms of x′, y′, z′, t′ and show that the transformation is identical
except for v → −v.

22. Lorentz transformation in an arbitrary direction (6 points)

Suppose two inertial frames, Σ and Σ′ move such that their coordinate axes are
parallel, their origins coincide at t = t′ = 0, and the origin of Σ′ is observed to move
with velocity ~v in Σ. Starting from the form of the Lorentz transformation when the
relative motion is along a coordinate axis, derive the Lorentz transformation relating
x′, y′, z′, t′ to x, y, z, t. [Hint: it will be useful to decompose ~x into ~x‖ = v̂(v̂ · ~x) and
~x⊥ = ~x− ~x‖.]


