CHAPTER 4 Stress, Strai n, Stress-Strain

4.1 The Concept of Stress — An Introduction

We have talked about internal forces, distributed them uniformly over an area and they
became a normal stress acting perpendicular to some internal surface, or ashear stress
acting tangentially, in plane. Up to now, we have said little about how these normal and
shear stresses might vary with position throughout a solid.2 Up to now, the choice of
planes, their orientation within a solid, was dictated by the geometry of the solid and the
nature of the loading. We have said nothing about how these stress components might
change if we looked at a set of planes of another orientation.

Now we consider amore general situation, an arbitrarily shaped solid. We are going to lift our gaze
up from the world of crude structural elements such as truss bars in tension, shafts in torsion, or beams in
bending to view these “ solids” from amore abstract perspective. They all become special cases of more gen-
eral stuff we call a solid continuum.

We will address two questions:
* How might stresses vary from one point to another throughout a continuum;

* How do the normal and shear components of stress acting on aplane at a given point change
as we change the orientation of the plane at the point.

Thefirst bullet introduces the notion of stress field; the second concerns the transfor mation of com-
ponents of stress at a point.

To begin with the first bullet we re-examine the case of a bar suspended vertically and loaded by its
own weight, a case considered in section 3.2, page 62. (Note, | have changed the orientation of the reference

1. Thebeam isthe one exception. There we explored how different normal stress distributions over a
rectangular cross-section could be equivalent to a bending moment and zero resultant force.
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axes). We will construct a differential equation which governs how the axial stress varies as we move up and
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down the bar. We will solve this differential equation, not forgetting to apply an appropriate boundary con-
dition and determine the axial stressfield.

We see that for equilibrium of the differential element of the bar, of planar cross-sectional area A
and of weight density Y, we have

F+AF-y[A[AYy-F =0

If we assume the tensile force is uniformly distributed over the cross-sectional area, and dividing by the area
(which does not change with the independent spatial coordinate y) we can write

o+Ac-y[Ay—-o0 =0 where o=F/A

Chanting “...going to the limit, letting Ay go to zero”, we obtain a differential equation fixing how O(y), a
function of y, varies throughout our continuum, namely

We solve this ordinary differential equation easily, integrating once and obtain
o(y) = y Oy + Constant

The Constant is fixed by a prescribed condition at somey surface; If the end of the bar is stress free, we indi-
cate thiswriting ay=0 G =0

S0
o(y) =yl
If, on another occasion, aweight of magnitude P, is suspended from the free end, we would have
ay=0 0 = Py/A
and
o(y) = Yy +Py/A

Here then are two stress fields for two different loading conditions!. Each stress field describes
how the normal stress O(x,y,2) varies throughout the continuum at every point in the continuum. | show the
stress as a function of x and z as well asy to emphasize that we can evaluate its value at every point in the
continuum, although it only varies with y. That the stress does not vary with x and z was implied when we

1. A third loading condition is obtained by setti Qg the weight density Y to zero;
our bar then is assumed weightless relative to the end-load P,
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stipulated or assumed that the internal force, F, acting upon any y plane was uniformly distributed over that
plane. This example is a specia case in another way; not only is it one-dimensional in its dependence upon
spatial position, but it isthe simplest example of stress at apoint in that it is described fully by asingle com-
ponent of stress, the normal stress acting on a plane perpendicular to they axis.

The figure below is meant to illustrate a more general, indeed, the most general state of stress at a
point. It requires some explanation;

The odd looking structural element, fixed to the ground at bottom and to the left, and carrying what
appears to be a uniformly distributed load over a portion of its bottom and a concentrated load on its top, is
meant to symbolize an arbitrarily loaded, arbitrarily constrained, arbitrarily shaped solid continuum. It could
be a beam, a truss, a thin-walled cylinder though it looks more like a potato — which too is a solid contin-
uum. At any arbitrarily chosen point inside this object we can ask about the internal stress state. But what
stress component?

For there are more than one; in fact they come in sets of three. One set acts upon what we call an x
plane, another upon ay plane, athird set upon a z plane. Which plane is which is defined by its normal: An
x plane has its normal in the x direction, etc. Each set includes three scalar components, one normal stress
component acting perpendicular to its reference plane, with its direction aong one coordinate axis, and two
shear stress components acting in planein the direction of the other two coordinate axes.

That's a grand total of nine stress components to define the stress at a point. To fully define the
stress field throughout a continuum you need to specify how these nine scalar components vary from one
point in the continuum to another. That's atall order.

Fortunately, equilibrium requirements applied to a differential element of the continuum, what we
will call a“micro-equilibrium” consideration, will reduce the number of independent stress components at a
point from nine to six. We will find that the shear stress component 0, acting on the x face must equal its
neighbor around the corner O, acting on the y face and that 0,, = O,, and O, = O, accordingly.

Fortunately too, in most of the engineering structures you will encounter, diagnose or design, only
two or three of these now six components will matter, will be significant. And, asin the example just treated
of a bar suspended vertically and loaded by its own weight and/or by an end load, often variations of the
stress components in one, or more, of the three coordinate directions may be uniform. But perhaps the most
important simplification is a simplification in modeling, made at the outset of our encounter. One particu-
larly useful model, applicable to many structural elementsis called Plane Stress and, as you might infer from
the label alone, it restricts our attention to variations of stressin two dimensions.
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4.2 Plane Stress

If we assume our continuum has the form of athin plate of uniform thickness but of arbi-
trary closed contour in the x-y plane, our previous arbitrarily loaded, arbitrarily con-
strained continuum (we don’t show these again) takes the planar form below.

Y
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on this z face

Because the plate is thin in the z direction, (h/L << 1) we will assume that variations of the stress
components with z is uniform or, in other words, our stress components will be at most functions of x and y,
o(x,y). We also take it that the z boundary planes are unloaded, stressfree. These two together imply that
the set of three “z" stress components that act upon any arbitrarily located z plane within the interior must
also vanish. We will also take advantage of the micro-equilibrium consequences, yet to be explored but
noted previously, and set O,, and Oy, to zero. Our state of stress at a point is then as it is shown on the
exploded view of the point - the block in the middle of the figure - and again from the point of view of look-
ing normal to a z plane at the far right. This special model is called Plane Stress.

A Word about Sign Convention:

The figure at the far right seems to include more stress compo-
A oy _ o ; >

nents than necessary; after al, if, in modeling, we eliminate the

stress components acting on a z face and 0, and O, as well, that

should leave, at most, four components acting on the x and y
Xyo faces. Yet there appear to be eight in the figure. No, there are
only at most four components; we must learn to read the figure.

To do so, we make use of another sketch of stress at a point, the

point A. The figure at the top is meant to indicated that we are

looking at four faces or planes simultaneously. When we look at

X o, A the x face from the right 4—;)— we are looking at the stress

components on a positive x face — it has its outward normal in

* o the positive x direction — and a positive normal stress, by con-

X vention, is directed in the positive x direction. A positive shear

_ Ong stress component, acting in plane, also acts, by convention, in a

4? A point p X positive coordinate direction - in this case the positive y direc-
O-X

X

0]

tion.

& On the positive y face, we follow the same convention; a positive
Oyx G O, acts on a positive y face in the positive y coordinate direction;
a positive 0y, acts on a positive y face in the positive x coordi-
nate direction.
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We emphasize that we are looking at a point, point A, in these figures. More precisely we are |ook-
ing at two mutually perpendicular planes intersecting at the point and from two vantage points in each case.
We draw these two views of the two planes as four planesin order to more clearly illustrate our sign conven-
tion. But you ought to imagine the square having zero height and width: the O, acting to the left, in the nega-
tive x direction, upon the negative x face at the left, with its outward normal pointing in the negative x
direction is a positive component at the point, the equal and opposite reaction to the O, acting to the right,
in the positive x direction, upon the positive x face at the right, with its outward normal pointing in the posi-
tive x direction. Both are positive as shown; both are the same quantity. So too the shear stress component
0,y shown acting down, in the negative y direction, on the negative x face is the equal and opposite internal
reaction to 0,, shown acting up, in the positive y direction, on the positive x face

A general statement of our sign convention, which holds for all nine components of stress, evenin
3D, isasfollows: A positive component of stress acts on a positive face in a positive coordinate direc-
tion or on a negative face in a negative coordinate direction.

* k%

An Example: @ y
We might model the end-loaded cantilever with rel- / point A b

atively thin rectangular cross-section as a plane stress prob- f .

lem. Inthis, bisthe “thin” dimension, i.e., b/L <1. Ih o~ X
If we assume a normal stress distribution over an x r

faceis proportional to some odd power of y, aswe did in sec-
tion 3.2, exercise 3.5, our state of stress at a point might look
like that shown in figure (c). In this, O, would have the form

N

0-x(Xv y) = C(n, b, h) DN(L —X)yn X /pOInt A

where C(n,b,h) is a constant which depends upon the cross- ) X
sectional dimensions of the beam and the odd exponent n. A%F

(See page 57). The factor W(L-X) is the magnitude of the W(L-X)

internal bending moment at the location x measured from the W
root. See figure (b). (c)

But this is only one component of our stress field. _ O,(XY)
What are the other eight components of stress at point A? ¢ Dg' ntA —_—

Our plane stress model allows us to claim that the ~ Ox(XY)
three z face components are zero and if we take 0, and O,,, to
be zero, that still leaves Oy, O, and O, in addition to O,.

xyr Yyxs

Now, in fact, we are doomed from the start; we (d)
know that the problem is statically indeterminate so we are . Oy o
not going to be able to construct a unique solution to the pgl ntA % X
equilibrium requirements and specify all nine components of o, l t
our stress field. Still we can experiment taking advantage of O,
the indeterminacy at our disposal.

For example, we know that a shear force of magni-
tude W acts at any x section. In this case it does not vary with x. We might assume, then, that the shear force
isuniformly distributed over the cross-section and set

Oy, = -“W/(bh)  Our stressat apoint at point A would then look like figure (d).
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We could, of course, posit other shear stress distributions at any x station, e.g., some function like
oy, = Constant 0y™ where m is an integer and the constant is determined from the requirement that the
resultant force due to this shear stress distribution over the cross section must be W.

But thisis about as far as we can go with our fabrication of a stress field. There are other matters,
matters of equilibrium at the micro scale, that must be addressed prerequisite to establishing a useful
description of the stress field within a continuum. Yet even with this the problem remains statically indeter-
minate. We have yet to consider the requirements of continuity of displacement and compatibility of defor-
mation.
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4.3 Stress Fields & “Micro” Equilibrium

We return and pick up on the example of abar hanging under its own weight and explore
the consequences of equilibrium when applied to a differential element of an arbitrarily
shaped two dimensional, plane stress continuum. We call this“micro” equilibrium consid-
erations to distinguish it from the “macro” equilibrium considerations of the last chapter.
There we isolated large chunks of structure.

Think now, of a differential element in 2D;
for example, of the cantilever beam: We show such @ 1Y
on the right. Note now we are no longer focused on /poi nt A/ b
two intersecting, perpendicular planes at a point but f
on a differential element of the continuum. Now we Ih S X
see that the stress components may very well be dif-
ferent on the two x faces and on the two y faces. C

We alow the x face components, and those

on the two y faces to change as we move from x to w
x+Ax (holding y constant) and from y to y+ Ay (hold- B, f
ing x constant). o+ A,

We show two other arrows on the figure, B, ¢
and By, These are meant to represent thex andy com-  y + Ay Oyx * Aacy,
ponents of what is called a body force. A body force O, + AC,
is any externally applied force acting on each ele- Ox A differential i ¢ B,
ment of volume of the continuum. It is thus a force 4& element m—
per unit volume. For example, if we need consider Oyy Oy + Loy
the weight of the beam, B, would be just y—— “—

y =Y where y = theweight density Oyx v Oy

where the negative sign is necessary because we take y
a positive component of the body force vector to be - X X X+ AX
in a positive coordinate direction.

B, would be taken as zero.

We now consider force and moment equilibrium for this differential element, our micro isolation.
We sum forces in the x direction which will include the shear stress component O, acting on the y face in
the x direction as well as the normal stress component O, acting on the x faces. But note that these compo-
nents are not forces; to figure their contribution to the equilibrium requirement, we must factor in the areas

upon which they act.

| present just the results of the limiting process which, we note, since all components may be func-
tions of both x and y, brings partial derivatives into the picture.

] o do, 0o,
zForcesmthexdlrectlon - S+ Y4B, =0
ox oy
. N do,, 0do
o Yy =
Z Forcesin they direction % *ay B, =0
z Moments about the center of the element — Oyx = Oyy
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For example, the change in the stress component AG, may be written

and the force due to this “unbalanced” component in the x direction is

00

X
Ix [AXx [{AyAZ)

where the product, Ay Az, isjust the differential area of the x face.

The contribution of the body force (per unit volume) to the sum of force componentsin the x direc-
tion will be B,(AxAyAz) where the product of deltas is just the differential volume of the element. We see
that this product will be a common factor in all terms entering into the equations of force equilibrium in the
x and y directions.

The last equation of moment equilibrium shows that, as we forecast, the shear stress component on
the y face must equal the shear stress component acting on the x face. The differential changes in the shear
stress components are of lower order and drop out of consideration in the limiting process, as we take Ax
and Ay to zero.

We leave this topic to the side for the moment and turn now to the second item on our agenda —
the transformation of components of stress at a point.
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4.4 Transformation of Components of Stress

While realizing that stress can vary from point to point in a solid continuum, and even if
we can find the solution to the micro equations of equilibrium for the normal and shear
stress components throughout, that still may not be enough to define when the solid might
fracture or yield when subject to some applied and prescribed load. The reason is that the
values of the stress components at a point change with respect to the orientation of the
axis, or what isthe same, the orientation of the planes we choose to view at the point.

To proceed, we consider our simple example of a bar suspended vertically but now take the weight
of the bar to be negligible relative to the weight suspended at its free end and explore how the normal and
shear stress components at a point vary as we change, not the position of the point, but the orientation of a
plane through the point.

Exercise 4.1 —The solid column of rectangular cross section
measuring a x b supports aweight W. Show that both a normal
stress and a shear stress must act on any inclined interior face.
Determine their respective values assuming that both are uni-
formly distributed over the area of the inclined face. Express
your estimatesin terms of theratio (W/ab) and the angle .

For equilibrium of the isolation of a section of the column
shown at the right, a force equal to the suspended weight (we
neglect the weight of the column itself) must act upward. We
show an equivalent force system — or, if you like, its compo-
nents consisting of two perpendicular forces, one directed nor-
mal to theinclined plane, the other with itsline of action in the
planeinclined at the angle 0. We have

F, = W [kosg and F, = Wking

Now if we assume these are distributed uniformly over the
section, we can construct an estimate of the normal stress and the shear stress acting on the inclined face.
But first we must establish the area of the inclined face Ag. From the geometry of the figure we see that the
length of the inclined planeis b/cosp so the areais Ay = (ab)/(cosy)

With this we write the normal and shear stress components as

o, = F/Ay = a%%ﬂ:oscpz
and

0= F/Ay = a%%tboswsin(p

These results clearly illustrate how the values for the normal and shear stress components of aforce
distributed over a plane inside of an object depends upon how you look at the point inside the object in the
sense that the values of the shear and normal stresses at a point within a continuum depend upon the
orientation of the plane you have chosen to view.

Why would anyone want to look at some arbitrarily oriented plane in an object, seeking the normal
and shear stresses acting on the plane? Why do we ask you to learn how to figure out what the stress compo-
nents on such a plane might be?
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The answer goes as follows: One of our main concerns as adesigner of structuresis failure —frac-
ture or excessive deformation of what we propose be built and fabricated. Now many kinds of failures ini-
tiate at alocal, microscopic level. A minute imperfection at a point in a beam where the local stressis very
high initiates fracture or plastic deformation, for example. Our quest then is to figure out where, at what
pointsin astructural element, the normal and shear stress components achieve their maximum values. But
we have just seen how these values depend upon the way we look at a point, that is, upon the orientation of
the plane we choose to inspect. To ensure we have found the maximum normal stress at a point for example,
we would then have to inspect every possible orientation of a plane passing through the point.

This seems aformidable task. But before taking it on, we pose a prior question:

Exercise 4.2 What do you need to know in order to determine the normal and shear stress compo-
nents acting upon an arbitrarily oriented plane at a point in afully three dimensional object?

The answer iswhat we might anticipate from our original definition of six stress componentsfor if
we know these six scalar quantitiesz, the three normal stress components Oy, Oy, and 0, and the three shear
stress components 0,,, O,,, and O,,, then we can find the normal and shear stress components acting upon
an arbitrarily oriented plane at the point. That is the answer to our need to know question.

To show this, we derive a set of equations that will enable you to do this. But note: we take the six
stress components relative to the three orthogonal, let’s call them, x,y,z planes as given, as known quantities.
Furthermore, again we restrict our attention to two dimensions - the case of Plane Stress. That iswe say that
the components of stress acting on one of the planes at the point - we take the z planes - are zero. Thisisa
good approximation for certain objects — those which are thin in the z direction relative to structural ele-
ment’s dimensions in the x-y plane. It also, makes our derivation a bit less tedious, though there is nothing
conceptual complex about carrying it through for three dimensions, once we have it for two.

In two dimensions we can draw a simpler picture of the state of stress at a point. We are not talking
differential element here but of stress at a point. The figure below shows an arbitrarily oriented plane,
defined by its normal, the X’ axis, inclined at an angle @ to the horizontal. In this two dimensiona state of

GXYO'X O, -
& A point %} ‘t
o, oY (oM
o] & U O,y Oy
Xy o

stress we have but three scalar components to specify to fully define the state of stressat apoint: 0, O, and
Oy, = O,,. Knowing these three numbers, we can determine the normal and shear stress components acting
on any plane defined by the orientation (p as follows.

1. Much aswe have done in the preceding exercise. Equations 68 and 69 show that the maximum
normal stress acts on the horizontal plane, defined by (P =0. The maximum shear stress, on the other hand acts
on aplane oriented at 45° to the horizontal. The factor cos(P sin (Dhas amaximum at (D= 45°.

2. We teke advantage of moment equilibrium and teke Oy, = O 4y, O, = Oy, and Oy, = Oy,
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Consider equilibrium of the shaded wedge shown. Here we let Ap designate the area of the inclined
face at a point, A and A the areas of the x face with its outward normal pointing in the -x direction and of
the y face with its outwald normal pointing in the -y direction respectively. In this we take a unit depth into
the paper. We have

Ay, = A, Ltoso and Ay = A,Bing

That takes care of the relative areas. Now for force equilibrium, in the x and y directions we must
have: -0, A, —0,, A, + (0 (tos—0',, [ENY) (A, = 0

and
- -0y, [A,—0,[A, + (0, [ENQ+ 0, [tosg) (A, = 0

If we multiply the first by coseg, the second by sing and add the two we can eliminate ¢’ %y We obtain
0'A4—0,COSPA, — 0,, COSQA, — O, SINPA,—0, SINPA =

which, upon expressing the areas of the x,y faces in terms of the area of the inclined face, can be written
(noting A becomes a common factor).

o'y = O, coscp2 + oysin(p2 +20,, SinQpcos@
In much the same way, multiplying the first equilibrium equation by sing, the second by cosp but subtracting
rather than adding you will obtain eventually

o'y = (0,—0,)singcos@+ o, ( cosq)2 —-s n(p2)

We deduce the normal stress component acting on they’ face of this rotated frame by replacing @in
our equation for @’ « by ¢ + 1W2. We obtain in thisway:

v 2 . 2 .
o'y = 0,C08¢" + 0,SiN@ —20,,SiNPCOS

The three transformation equations for the three components of stress at a point can be expressed,
using the double angle formula for the cosine and the sine, as

oy = [(Ox ; %)
o, = [(O—x ’2f g,)

} + [(oxgcy)] [os2¢ + ,, Sin2¢

J—[(GX ; Gy)} [Los2¢-0,, Sin2¢

0,-0
Oy = —[%J (8in2¢ + 0, C0S2¢

Here we have the equations to do what we said we could do. Think of the set as a machine: You
input the three components of stress at a point defined relative to an x-y coordinate frame, then give me the
angle @, and | will crank out -- not only the normal and shear stress components acting on the face with its
outward normal inclined at the angle (with respect to the x axis, but the normal stressonthey’ face as well.
Infact | could draw a square tilted at an angle (p to the horizontal and show the stress components 0’y, O’
and 0’ acting onthex’ and y’ faces.

To show the utility of these relationships consider the following scenario:
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Exercise 4.3 — An solid circular cylinder made of some brittle material is subject to pure torsion
—atorque M,. If we assume that a shear stress T(r) acts within the cylinder, distributed over any cross sec-
tion, varying with r according to

T(r) = ca"
where n is a positive integer, then the maximum value of T, will occur at the outer radius of the shaft.

But is this the maximum value? That is, while certainly r" is maximum at the outermost radius,
r=R, it may very well be that the maximum shear stress acts on some other plane at that point in the cylin-
der.

Show that the maximum shear stress is indeed that which acts on a plane hormal to the axis of the
cylinder at a point on the surface of the shaft.

Show too, that the maximum normal stressin the cylinder acts
* a a point on the surface of the cylinder

« on aplane whose normal isinclined 45° to the x axisand itsvalue is @', = 1(R)

max

We put to use our machinery for computing the
stress components acting upon an arbitrarily oriented
plane at a point. Our initial set of stress components for
this particular state of stressis

and
o, = 1(R)
y
defined relative to the x-y coordinate frame shown top T(=R)
right. Our equations defining the transformation of com-
ponents of stress at the point take the simpler form v
-— \
o'y = 1EN2¢ Y M
, . N t
o, =-T kin2¢ A point ’\\ \

o'y, = T[kos2¢

xy
To find the maximum value for the shear stress \

component with respect to the plane defined by @, weset M .

the derivative of o’ to zero. Since there are no “bound-

aries’ on Qto Worr>§yab0ut, this ought to suffice.

So, for a maximum, we must have

do'y, _ . _
do =2t kin2¢ = 0

Now there are many values of (pwhich satisfy this requirement, ¢=0, @=TU2, ...... But all of theserootsjust
give the orientation of the of our initial two mutually perpendicular, x-y planes. Hence the maximum shear
stress within the shaft isjust T at r=R.
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To find the extreme, including maximum, values for the normal stress, o' we proceed in much the
same way; differentiating our expression above for 0", with respect to @ yields

dclx—z [cos2¢ = 0 EQ1
do T ¢ = (EQ 1)
Again thereis astring of values of (9, each of which satisfies this requirement.
We have 2= TU2, 3172 ... or @=TU4, 3114

At @=TU4 (= 45°), the value of the normal stressis o’ St sin2g = T. So the maximum nor-
mal stress acting at the point on the surface is equal in magnitude to the maximum shear stress component.

Note too that our transformation relations say that the nor- original
mal stress component acting on the y’ plane, with @=TU4 is nega- y State of stress
tive and equal in magnitude to T. Finally we find that the shear
stress acting on the x’-y’ planes is zero! We illustrate the state of
stress at the point relative to the x’-y’ planes below right.

Backing out of the woods in order to see the trees, we
claim that if our cylinder is made of a brittle material, it will frac-
ture across the plane upon which the maximum tensile stress acts. If
you go now and take a piece of chalk and subject it to atorque until
it breaks, you should see a fracture plane in the form of a helical
surface inclined at 45 degrees to the axis of the cylinder. Check it
out.

Of course it's not enough to know the orientation of the
fracture plane when designing brittle shafts to carry torsion. We
need to know the magnitude of the torque which will cause fracture.
In other words we need to know how the shear stress does in fact
vary throughout the cylinder.

This remains an unanswered question. So too for the beam: How do the normal stress (and shear
stress) components vary over a cross section of the beam? We have claimed that to answer these questions
we must go beyond the concepts and principles of static equilibrium. Thiswe do now, looking first at smple
indeterminate systems, then on to the indeterminate truss, the beam in bending and beyond.
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45 Strain

The study of the elastic behavior of statically determinate or indeterminate truss structures
serves as a paradigm for the modeling and analysis of all structuresin so far asit illus-
trates

* theisolation of aregion of the structure prerequisite to imagining internal forces;

* the application of the equilibrium requirements relating the internal forces to one another
and to the applied forces;

* the need to consider the displacements and deformationsif the structure is redundant; 1

* and how, if displacements and deformations are introduced, then the constitution of the
material (s) out of which the structure is made must be known so that the internal forces can be
related to the deformations.

We are going to move on, with these itemsin mind, to study the elastic behavior of shaftsin torsion
and of beams in bending with the aim of completing the task we started in an earlier chapter — among other
objectives, to determine when they might fail. To prepare for this, we step back and dig in a bit deeper to
develop more complete measures of deformation, ones that are capable of taking us beyond uniaxial exten-
sion or contraction. We then must rel ate these measures of deformation, the components of strain at a point
to the components of stress at a point through some stress-strain equations. We address that task in the next
chapter.

We will proceed without reference to truss members, beams, shafts in torsion, shells, membranes
or whatever structural element might come to mind, but for an arbitrarily shaped body, a continuous solid
body, a solid continuum. We put on another special pair of eyeglasses, a pair that enables us to imagine what
transpires at a point in a solid subjected to a load which causes it to deform and engenders strain as well
internal forces, now stresses. In our derivations that follow, we limit our attention to two dimensions: We
first construct a set of strain measures in terms of the x,y (and z) components of displacement at a point. We
then develop a set of stress/strain equations for alinear, isotropic, homogenous, elastic solid.

1. We of course must consider the deformations even of a determinate structure if we wish to esti-
mate the displacements of pointsin the structure when loaded.
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4.6 Strain at a Point

When abody displaces asarigid body, points etched on the body will move through space
but any arbitrarily chosen point will maintain the same distance from any other point—just
asthe starsin the sky maintain their position relative to other all other stars, night after
night, as the heavens rotate about the earth Except, of course, for certain “wandering
stars” which do not maintain fixed distances among themselves or from the others.

But when a body deforms, points move relative to one another and distances between points
change. For example, when the bar shown below is pulled with an end load P along its axis we know that the
end will displaceto theright, say adistance u,, relative to the fixed, left end of the bar.

o

Assuming the bar is homogenous, that is, its constitution does not change as we move in from the
end of the bar, we anticipate that the displacement will decrease. At thewall it must be zero; at the mid point
we might anticipate it will be Uy /2. Indeed, this was the essence of our story about the behavior of an elastic
rodin auniaxia tension test.

There we had P=(AE/L)(B = k(B

The stiffness k is inversely proportional to the length of the rod so that, if the same end load is
applied to bars of different length, the displacement of the ends will be proportional to their lengths, and the
ratio of O to L will be constant.

In our mind, then, we can imagine the horizontal rod shown above cut through at its midpoint. As
far as the remaining, left portion is concerned, it isfixed at itsleft end and sees an aload P at its right end.
Now since it has but half the length, its end will displace to the right but u,_/2.

We can continue this thought experiment from now to eternity; each time we make a cut we will
obtain a midpoint displacement which is one-half the displacement at the right end of the previously imag-
ined section. This of course assumes the bar is uniform in its cross-sectional area and material properties —
that is, the bar is homogeneous. We summarize this result neatly by writing

u(x) = (u./L) x

where the factor, (U, /L), isameasure of the extensional strain of the bar, defined astheratio of the changein
length of the bar to its original length.

This brief thought experiment gives us a way to define a measure of extensional strain at a point.
We say, at any point in the bar, that is, at any X,

4.17 ENGINEERING MECHANICS FOR STRUCTURES



Strain at a Point

. Ju
& = Alerpo(Au/Ax) Oeg = X

For the homogenous bar under end load P we see that € _ is a constant; it does not vary with x. We
might claim that the end displacement, U, is uniformly distributed over the length; that is, the relative dis-
placement of any two points, equidistant apart in the undeformed state, is a constant; but thisis not the usual
way of speaking nor, other than for atruss element, isit usually the case.

The partial derivative implies that, u, the displacement component in the x direction can be a func-
tion of spatial dimensions other than x alone, that is, for an arbitrary solid, with things changing as one
moves in any of the three coordinate directions, we would have u= u(x,y,z). We turn to this more genera sit-
uation now.

Exercise4.4—What do | need to know about the displacements of pointsin asolid in order to com-
pute the extensional strain at the point P, arbitrarily taken, in the direction of t,, aso arbitrarily chosen, as
the body deforms from the state indicated at the left to that at the right?

Ql
-Q
Pl A9
1 . P’ _
> Before Deformation After Deformation

We designate the extensional strain at P in the direction of ty by €o0; Our task is to see what we
need to know in order to evaluate the limit €pg = Pgm 0(P'Q' - PQ)?(PQ)

To do this, we draw another picture of the undeformed and deformed
Q’f t differential line element, PQ. together with the displacements of its
endpoints. Point P's displacement to P’ is shown as the vector, u, while
the displacement of point Q, some small distance away, is designated
by u+Au.

This now looks very much like the representation used in the last chap-
ter to illustrate and construct an expression for the extension of atruss
member as a function of the horizontal and vertical components of dis-
placement at itstwo ends. That's why | have introduced the vectors LO,
and L for the directed line segments PQ, P'Q’ respectively though they
are in fact meant to be small, differential lengths. Proceeding in the
same way as we did in our study of the truss, we write, as a conse-
guence of vector addition,

u+lL = u+Au+L0

which yields an expression for A u in terms of the vector difference of the two directed line segments,
namely Au=1L-L,

We now introduce a most significant constraint, We assume, as we did with the truss, that displace-
ments and rotations are small — displacements relative to some characteristic length of the solid, rotations
relative to a radian. This should not to be read as implying our analysis is of limited use. Most structures
behave, i.e., deform, according to this constraint and, as we have seen in our study of atruss structure, it is
entirely consistent with our writing the equilibrium equations with respect to the undeformed configuration.
In fact not to do so would be erroneous.
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Explicitly this means we will take
t=t0 so that IL| :t-tho-L

With this we can claim that the change in length of the directed line segment, PQ, in moving to
P'Q’, isgiven by the projection of AU upon PQ that is, since

PQ-PQ = \L\—‘LO‘
we have
PQ-PQ =tyeL—-tyeLy =ty (L-Ly) =ty*Au
wheret, is, as before, a unit vector in the direction of PQ.

From here on in, constructing an expression for €__ requires the machine-like evaluation of the
scalar product, tg « Au, the introduction of the partial derivatives of the scalar components of the displace-
ment taken with respect to position, and the manipulation of all of this into a form which reveals what's
needed in order to compute the relative change in length of the arbitrarily oriented, differential line segment,
PQ. We work with respect to arectangular cartesian coordinate frame, x,y, and define the horizontal and ver-
tical components of the displacement vector u to be u,v respectively. (in the following be careful to distinguish
between the scalar u and the vector U; the former is the x component of the latter). That is, we set

u = u(xy) 0+v(x,y)j

where the coordinates x,y label the position of the point P. The differential change in the displacement vec-
tor in moving from P to Q, asmall distance which in the limit will go to zero, may then be written

Au = Au(x,y) 0 +Av(x,y) O
Carrying out the scalar product, we obtain for the change in length of PQ:
PQ —-PQ = ty* Au = (Au) [kose+ (Av) [Bng

We next approximate the small changes in the horizontal and vertical, scalar components of dis-
placement by the products of their slopes at P taken with the appropriate differential lengths along the x and
y axes as we move to point Q. That ist

Au(x,y) = [@LDAX + g%

and

Av(x,y) = E?.—X.\F'Ax + %%Ay

We have then

(PQ —PQ)/(PQ) = [[@LDAX + E@;EAy}(coscp/ L)+ [[@VDAX + @\EAy}(s ne/L,)

1. Itiseasy to be confused in the midst of all these partial derivatives. It's worth taking five minutes
to try to sort them out.
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where | have introduced L, for the original length PQ.

Thisis an approximate relationship because the changes in the horizontal and vertical components
of displacement are only approximately represented by the first partial derivatives. In the limit, however, as
the distance PQ, and hence as Ax, Ay approaches zero, the approximation may be made as accurate as we
like. Note also, that the ratios A x/LO, A y/Lo approach cosg and sing respectively.

We obtain, finally, letting PQ go to zero, the following expression for the extensional strain at the
point P in the direction PQ:

€p —@ch032cp+[@u V]

50 Vv PVl gn2

Dy mcoscpsnw By0 ®

It appears that in order to compute €, in the direction @ we need to know the four first partial
derivatives of the scalar components of the displacement at the point P. In fact, however, we do not need to
know all four partial derivatives sinceit is enough to know the thr ee bracketed terms appearing above Think
of computing € for different values of ¢; knowing the values for the three bracketed terms will enable you
to do this.

Therelationship aboveis avery important piece of machinery. It tells us how to compute the exten-
sional strain in any direction, defined by ¢, at any point, defined by Xy, in a body. In what follows, we call
the three quantities within the brackets the three scalar components of strain at a point. But first observe:

* |If weset @equal to zero in the above, which is equivalent to setting PQ out along the x axis,

we obtain, as we would expect, that EPQ: €, the extensional strain at P in the x direction, i.e.,

e, = W
[ox
* Our machinery isthus consistent with our previous definition of €, for uniaxial loading of a
bar fixed at one end and lying along the x axis.

¢ If, in the same way, we set ¢ equal to aright angle, we obtain

e = VO
PQ m{]
which can be read as the extensional strain at P in the direction of aline segment along they
axis. Wecall thise . That is
y
e = OO
v Lyl
* The meaning of theterm du, v is best extracted from a sketch; below we show how the
termZY. can be interpreted %ythe %gle of rotation, about the z axis, of aline segment PQ
along the x axis. For small rotations we can claim
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OV,

X

o Otana = T Q,

Similarly, the term & u/d y can be inter-
preted as the angle of rotation of a line segment = (BV/5X AU (dv/dX)Ax

aongthey axis, but now, if positive, about the neg- /) y
ative z axis. The figure below shows the meaning P X SU/OX)AX X
of both terms. Q ) L’
R The sum of the two termsisthe changein the
y right angle, PQR at point P. If it is apositive
R ’ X guantity, the right angle of the first quadrant
Q T—» has decreased. We define thissum to be a
(du/dy) shear strain component at point P and label it
(dVv/dX) with the symbol y, .
PP X

* Building on thelast figure, we define arotation at the point P as the aver age of the rotations
of the two, x,y, line segments. That is we define

ougy

_ ov _
W,y = (1/2)@7 3y

Note the negative sign to account for the different directions of the two line segment rotations. If, for exam-
ple, & vid x is positive, and & u/d y = - & v/d x then there is no shear strain, no change in the right angle, but
thereis arotation, of magnitude d v/d x positive about the z axis at the point P.

These three quantities €., Xysy are the three components of strain at a point.

_0u _ v, oug _ov

STox  YwThxToyD 5oy

If we know the way sx(x,y), Y. (xy), and € (x,y) vary, we say we know the state of strain at any
point in the body. We can then write our equation for computing the extensional strainin any arbitrary direc-
tion in terms of these three strain components associated with the x,y frame at a point as:

€pg = & Roscp2 +Yyy [LOS@Sn o+ €, [Bin<p2

Finally, note that if we are given the displacement components as continuous functions x and y we
can, by taking the appropriate partial derivatives, compute a set of strain functions, also continuous in X,y.
On the other hand, going the other way, given the three strain components, €,V €, 85 continuous func-
tions of position, we cannot be assured that we can determine unique, conti nuousx¥un(¥tions for the two dis-
placement components from an integration of the strain-displacement relations. We say that the strains
represent a compatible state of deformation only if we can do so, that is, only if we can construct a continu-

ous displacement field from the strain components.
Exer cise 4.5-For the planar displacement field defined by
u(x,y) = — Cky v(x,y) = Kk Ox*/2)
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where k = 0.25, sketch the locus of the edges of a2x2 square, centered

at the origin, after deformation and construct expressions for the strain Ay
componentse_, €, andy
X'y Xy +1
We start by evaluating the components of strain; we obtain . o X
sxsg%:—Ky yxyz%+g—;g=—Kx+Ky:0 syzg—\;=0 +1'
We see that the only non zero strain is the extensional strain
in the x direction at every point in the plane. In particular, right angles 1

formed by the intersection of a line segment in the x direction with
another in the y direction remain right angles since the shear strain vanishes. The average rotation of these
intersecting line segments at each and every point is found to be

W, = (/22 U0

x ~ay0 = KX
We sketch the locus of selected points and line segments bel ow:
y Ty
+1 +1
X ; % X
-1 * /l/l/]/ » 1 0 [
+1 +1
-1 1

Focus first, on the figure at the left above which shows the deformed position of the points that
originally lay along the x axis, at y=0. The vertical component of displacement v describes a parabolain the
deformed state. Furthermore, the points along the x axis experience no horizontal displacement.

On the other hand, the points off the x or the y axis all have a horizontal component of displace-
ment - aswell as vertical. Consider now the figure above right. For example the point (1,1) moves to the left
a distance 0.25 while moving up a distance 0.125. Below the x axis, however, the point originally at (1,-1)
moves to the right 0.25 while it still displaces upward the same 0.125. The shaded lines are meant to indi-
cate the u at each point.

Observe
* The state of strain does not vary with x, but does so withy.
* Right angles formed by x-y line segments remain right angles, that isthe shear strain is zero.

* The average rotations of these right angles does vary with x but not with y. Note too that we
have seemingly violated the assumption of small rotations. We did so in order to better illus-
trate the deformed pattern.
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4.7 Transformation of Components of Strain

The axial stressin atruss member is related to the extensional strain in the member
through an equation that looks very much like that which relatesthe forcein aspringtoits
deflection. We shall relate all stress and strain components through some more general
congtitutive relations — equations which bring the specific properties of the material into
the picture. But stress and strain are “relations’ in another sense, in amore abstract, math-
ematical way: They are both the same kind of mathematical entity. The criterion and
basis for this claim is the following: The components of stressand strain at a point
transform accor ding to the samerelations. By transform we mean change; by change
we mean change due to arotation of our reference axis at the point.

Our study of how the components of strain and stress transform is motivated as much by the useful -
ness of this knowledge in engineering practice as by visions of mathematical elegance and sophistication.
For, although this section could have been labeled the transformation of symmetric, second-order tensors,
we have already seen an example, back in our study of stress, an example suggesting the potential utility of
the component transformation machinery. We do an exercise very similar to that we tackled before to
refresh our memory.

Exercise 4.6 — Three strain gages, attached to the surface of a solid shaft in torsion in the direc-
tionsx, y, and X' measure the three extensional strains

£, =0 & =0 and g, = 0.00032
Estimate the shear strain Y. M;
Yy X
/s
Let's work backwards. No one says you have to

work forward from the “givens’ straight through to the
answerl. We are given the values of three extensional strains
measured at a point on the surface of the shaft. It's not really a point but a region about the size of asmall coin.

Thetask isto determine the shear strain at the point from the three, measured extensional strains.

From the previous section we know that the extensional strain in the x’ direction - thinking of that
direction as"PQ" - can be expressed as
€pq = & Eboscp2 +Yyy [LOS@sin g+ g, IZSin(p2 ,

which tells me how to compute the extensional strain in some arbitrarily oriented direction at a point, as
defined by the angle ¢, given the state of strain at the point as defined by the three components of strain with
respect to an x,y axis.

1. Thisischaracteristic of most work, not only in engineering but in science aswell. The desired end
state — the answer to the problem, the basic form of a design, the theorem to be proven, the character of the data
to be collected —is usually known at the outset. There are really very few surprisesin science or engineering in
this respect. What is surprising, and exciting, and rewarding is that you can manage to construct things to come
out right and they work according to your expectations.
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But, working backwards, | will use this to compute the shear strain y  given knowledge of the
extensiona strain €, where PQ isread asthe direction of the gage X' oriented a 45° to the axis of the shaft
and pasted to its surface. Now both €, and g ae zero! so this equation gives

0.000082 = vy,, [{1/2) or Y,y = 0.00064

Observe:

¢ If thestrains €, and € were different from zero we would still use this relationship to obtain
an estimate of the sheal strain. The former would provide uswith direct estimates of any axial
or hoop strain.

* | can graphically interpret this equation for determining the shear strain by constructing a
compatible (continuous) displacement field from the strain componentse,, €,, and y,,. Note
thisis not the only displacement field I might generate that is consistent with these strain com-
ponents but it will serve to illustrate the relationship.

y
Av
S e
____________ 5

With the shaft oriented horizontally and twisted as shown, | take the displacement component,
u(x,y) to be zero and v(x,y) to be proportional to x but independent of y. Then the points a and b both dis-
place vertically a distance Av with respect to points 0 and c. The extension of the diagona Ob is, for small
displacements and rotations, the projection of Av at b upon the diagonal itself. So the change in length is
given by Av (1V 2). Itsoriginal length isV 2Ax so we can write
_ _ (Av/AX)
€ = &p = T

But, again for small rotations, A v/IA x =y, the decrease in the right angle, the shear strain. Thus, as
before,

Ex' = yxy E(l/Z)

1. Morerealistic values would be some small, insignificant numbers due to noise or slight imbal-
ancein the apparatus used to measure, condition, and amplify the signal produced by the strain gage. Even so, if
the shaft was subject to forms of |oading other than, and in addition to the torque we seek to estimate, and these
engendered significant strainsin the a and c directions we would still make use of this relationship in estimating
the shear strain.
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This exercise illustrates an application of the rules governing
the transformation of the components of strain at apoint. That'snow the  y' Y
way we read the equation we in the previous section — as away to obtain
the extensional strain along one axis of an arbitrarily oriented coordi-
nate frame at a point in terms of the strain components known with
respect to some reference coordinate frame.

For example, if | let the arbitrarily oriented frame be labeled X' -y, then
the extensional strain components relative to this new axis system can
be written in terms of the strain components associated with the original, /{f’ X
x-y frame as

™,
1

2 . . 2
x = & LLOs@ +vy,, [cospsin @+ g, [Bin@

€y Eboscp2 —Yyy [COS@sin @+ €, [si nq)2

In obtaining the expression for the extensional strainin they’ direction, | substituted @+ 172 for @in the first
equation.

But there is more to the story. | must construct an equation that allows me to compute the shear
strain, y_’ relative to the arbitrarily oriented frame, X'y’. To do so | make use of the same graphica meth-
ods of thgprevi ous section.

The figure below left shows the orientation of my reference x-y axis and the orientation of an arbi-
trarily oriented frame x’-y’. PQ isadifferentia line element in the undeformed state lying along the X axis.
tisaunit vector along PQ; eisaunit vector perpendicular to PQ in the sense shown. Ax, Ay are the horizon-
tal and vertical coordinates of Q relative to the origin of the reference frame.

vy
Y Y
R Aug YR
R
J'=-sin@i + cos] B
Q7
Q, Q X a A
Ay Q & Au
P A ——] . N
j ' PP | ]
o | Before | AX—After

On the right we show the position of PQ in the deformed state as P’ Q'. The displacement of point
Qrelativeto P isshown as A ug. The angle a is the (small) rotation of the line element PQ. Thisis what we
seek to expressin terms of the strain componentse , € andy  at the point. We will also determine the rota-
tion of aline element along they’ axis. Knowing thest we cal compute the change in the right angle QPR
the shear strain component with respect to the X' -y’ system which we will mark with a“prime”, yxy’ .

Theangle a is given approximately by a = Aus j'/(PQ) wherej’ isperpendicular to PQ.

4.25 ENGINEERING MECHANICS FOR STRUCTURES



Transformation of Components of Strain

The displacement vector wewriteas Au = Aul + Av [J which, tofirst order may be writtenin
terms of the partial derivatives of the scalar components of the relative displacement of Q.

Au = %}X— + AyauD| + %}X— + Ayg\ﬁj
and the unit vector is j' = —sin@0 + cos@ [
Carrying out the scalar, dot product, noting that
Ay/PQ = cos@ and Ay/PQ = sing

we obtain

G ou . . ouj ov | . oV
o= sm(pB:oscp& + S‘”‘P@D*' COS(p%:OS(pa—X + sm(p(Wj

Or collecting terms

o vV ou] ov ., 0du
a smq)cosq)% m+co§cpa—x smq)(W

| obtain the angle 3 the rotation of aline segment PR originally oriented along they’ axis most sim-
ply by letting @ go to ¢ +172 in the above equation for the angle a. Thus

. vV oug, o0V 0
B smtpcos% aT<D+9n(p<)7 cosch(W

c

the diminution in the right angle QPR isjust o - 3 so | obtain:
v 0
(p)[@ uJ

o v _oug 20— sn2o) PV
Yy 25|n(pcos<;% m+(cos @—sn [Bx oyl
which, in terms of the strain components associated with the x,y axes becomes

Yyy = 2(g,—&,) HN@COS @+ y,,, [{cosq’ — sing’)

With this | have all the machinery | need to compute the components of strain with respect to one
orientation of axes at a point given their values with respect to another. | summarize below, making use of
the double angle identities for the cosg and the sing, namely, cos 2¢ = cosch -S n2<p and sin2@ =2sinQcosy.

£, = [(E +£y)} [ JEbosZ(p+(yXy/2)sm2cp

g, = [(E &) J [ }EbosZ(p—(yxy/Z)an(p

. (&x—&y)7 .
(Vyy/2) = —[%J CBIN2¢+ (Yy,/ 2) C0S2¢
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| have introduced a common factor of (1/2) in the egquation for the shear strain for the following
reasons: If you compare these transformation relationships with those we derived for the components of
stress, back in section 3.6, you will see they are identical in form if we identify the normal strain compo-
nents with their corresponding normal stress components but we must identify T,y with Y,/2.

One additional relationship about deformation follows from our analysis: If | average the angular
rotations of the two orthogonal line segments PQ and PR, | obtain an expression for what we define as the
rotation of the X' -y’ axes at the point. This produces

Wyy = %(OH'B) = %E?TV g?ug_ Wyy

This, we note, is identical to w_ which is what justifies labeling this measure of deformation a
rigid body rotation. It is aso invariant of the transformation; regardless of the orientation of the coordinate
frame at the point, you will always get the same number for this measure of rotation.

Exercise4.7 — A “bug” in my graphics software distorts the image appearing on my monitor. Hor-
izontal lines are stretched 1%; vertical lines are compressed 5% and there is a distortion of the right angles
formed by the intersection of horizontal and vertical lines of approximately 3° — a decrease in right anglein
the first quadrant. Estimate the maximum extensional distortion | can anticipate for an arbitrarily oriented
line drawn by my software. What is the orientation of this particular line relative to the horizontal ?

| seek a maximum value for the extensional strain at a point — the extensional strain of an arbi-
trarily oriented line segment which is maximum. Any point on the screen will serve; we are working with a
homogeneous state of strain, one which does not vary with position. | also of course want to know the direc-
tion of this line segment. The equation above for €, ' shows the extensional strain as a function of ¢; we dif-
ferentiate with respect to @ seeking the value for the angle which will give a maximum (or minimum)

extensional strain. | have:

de' i
%" = —(g,—&,)SiN2¢+ y,, [os2¢ = 0
which | manipulate to

tan2¢ = vy,,/ (g, - &)

Now the three X,y components of strain aee =0.01, ¢ =-0.05, and yxy = 3/57.3=0.052. The above
relationship, because of the behavior of the tangent functlon \XII [l give me two roots within therange 0 < @
< 360°, hence two values of @.

| obtain two possibilities for the angle of orientation of maximum (or minimum) extensional strain,
@=20.6°and ¢=20.6 + 90°= 110.6° One of these will correspond to a maximum extensional strain, the
other to aminimum. Note that we can read the second root as an extensional strain in adirection perpendic-
ular to that associated with the first root. In other words, if we evaluate both € " and g "for arotation of @ =
20.6° we will find one a maximum the other a minimum. This we do now.

Taking then, @= 20.6° | obtain for the extensional strain in that direction, g = 0.0197
about two percent extension. The extensional strain at right angles to this | obtain from the equation for sy’ )

astrain along an axis 110.6° around from the horizontal, €, =" 0.0597,
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about six percent contraction. This latter isthe maximum extensional distor-

tion, a contraction of 5.97%. We illustrate the situation below. T y
Observe
* We call this pair of extreme values of extensional strain at a o
point, one a maximum, the other aminimum, the principal strains; --f-s 20.6 I
the axes they are associated with are called the principal axes. \ %/f X
)
e Theshear strain associated with the principal axesis zero, ---!

always. Thisfollows from comparing the equation we derived by

setting the derivative of the arbitrarily oriented extensional strain with respect to angle of rota-
tion, namely

tan(2¢) = yxy/(sx - sy)

with the equation for the transformed component ny’ . If the former is satisfied then the shear-
must vanish.
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4.8 Mohr’s Circle

Our working up of the transformation relations for stress and for strain and our explora-
tion of their meaning in terms of extreme values has required considerable mathematical
mani pulation. We turn now to a graphical rendering of these relationships called Mohr’s
Circlel. I will set out the rules for constructing the circle for a particular state of stress,
(note that we could just as well use strain as a vehicle for this exposition), show how to
read the pattern, then comment about its legitimacy.

First, | repeat the transformation equations for atwo-dimensional state of stress. They look just like

the transformation relations for strain, which we recently derived, if we replace half the shear strain with the
corresponding shear stress:

o, = [(szcy)} N [(Gxgcy)} (bos29-+ 0y, SN2

o, = [(Gx + oy)}_[(cx —0,)

5 5 } [tos2¢-0,, sin2¢

0,—0
Oy = —[(—X—Z-—y—q (sin2¢ + 0,, C0S2¢

To construct Mohr’s Circle, giventhe stateof stress ¢ =7, 1 =4, and o =1 wepro-

ceed as follows: Note that | have dropped all pretense of reality ih this chdice of values for the components
of stress. As we shall seeg, it is their relative magnitudes that is important to this geometric constructioré
Everygling will scale by any common factor you please to apply. You could think of these as o, =7x10
KN/m™...etc., if you like.

1. Lay out ahorizontal axisand label it o positive to the right.

]
L | o

1. Studying Mohr’'s Circleis customarily the final act in thisfirst stage of indoctrination into Engi-

neering Mechanics. Your uninitiated colleagues may be able to grasp the concepts of atruss member in tension
or compression, a beam in bending, a shaft in torsion using their common sense knowledge of the world around
them and some prompting from you, but Mohr’s Circle will appear as a complete mystery, an unfathomable rit-
ual of signs, circles, and greek symbols. Although it does not tell us anything new, over and above all that we
have done up to this point in the chapter, once you've mastered the technique it will set you apart from the crowd
and shape your very well being. It may also provide you with a useful aid to understanding the transformation of
stress and strain at a point on occasion.
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2. Lay out an axis perpendicular to the above and label it rxy positive
down and T positive up.

TyxA

]
| —

A

Xy

3. Plot apoint associated with the stress components acting on an x face
at the coordinates (o ,Txy)=(7,4 ). Label itx.__, or xif you are
X down face
cramped for space.

4. Plot asecond point associated with the stress components acting on an
y face at the coordinates (o ,t )= (1,4up). Labdl it Yeace O Y if you are
cramped for space. Conneetf the two points with a straight line. Note
the order of the subscripts on the shear stress..

T
oy > a
4 | y
T
Xy : >
L o, o
Lo :
y X
v
1 .
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5. Chanting “similar triangles’, note that the center of the line must nec-
essarily lie on the horizontal, o axis since Ty 4=4. Draw acircle
with the line as a diagonal .

Ty 4 (04T

[
\

6. Notethat the radius of thiscircleis

Rwmohrs = «/(Txy)z"' [(OX—Oy)/Z]Z

which for the numberswe are using isjust RMohr,S c= 5, and its center
liesat (cx+oy)/2 =4,

7. Tofind the stress components acting on a plane whose normal is
inclined at an angle of ¢ degrees, positive counterclockwise, to the x
axisin the physical plane, rotate the diagonal 2¢in the Mohr’s Cir-
cle plane. Weillustrate this for ¢ = 40°. Note that the shear stresson
the new X' face is negative according to the convention we have cho-
sen for our Mohr's Circle.!

T 4 (04T

1. Warning: Other texts use other conventions.
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8. The stress components acting on the y’ face, at @ + 1v2= 130° around
in the physical plane are 2¢ + Tt= 240° around in the Mohr’s Circle
plane, just 2¢ around from the y face in the Mohr’s Circle plane.

We establish the legitimacy of this graphical representation of the transformation equations for
stress making the following observations:
» The extreme values of the normal stresslie at the two intersections of the circle with the o

axis. The angle of rotation from the x__to the principal plane | on the Mohr’'s Circleis
ace . . .
related to the stress components by the equation previously derived:

tan2¢ =2rxy/(ox-0y). (EQ2)
RH+(0y +0,)/2
_’
Oy - RH(0, +0,)/2
y
* 0 /
o) el
o ‘ 2
/v' ’
(Ox +0,)/2
y
v Ty

» Note that on the principal planes the shear stress vanishes.

» Thevalues of the two principal stresses can be written in terms of the radius of the circle.

0,1 =[(0,+0,)/2] £ [(1,)2+[(0,—0,)/2]?

 The orientation of the planes upon which an extreme value for the shear stress actsis
obtained from arotation of 90° around from the ¢ axis on the Mohr’s Circle. The correspond-

ing rotation in the physical planeis 45°.

¢ Thesum 0, +0, isan invariant of the transformation. The center of the Mohr’s Circle does
not move. This résult too can be obtained from the equations derived simply by adding the

expression for ox’ to that obtained for cy’.

* So too theradius of the Mohr’s Circle is an invariant. This takes alittle more effort to prove.
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49 Stress/Strain Relations

We now want to develop a set of stress/strain relations for a continuous body, equations
which apply at each and every point throughout the continuum. In this we will restrict our
attention, at least in this chapter, to certain type of materials namely homogeneous, linear,

elagtic, isotropic bodies.

» Homogeneous means that the properties of the body do not vary from one point in the body

to another.

* Linear means that the equations relating stress and strain are linear; changesin stress are
directly proportional to changesin strain (and the other way around, too).

« Elastic means that the body returnsto its original,

applied forces and/or moments are removed.

undeformed configuration when the

* |sotropic means that the stress strain relations do not change with direction at apoint. This
means that alaminated material, a material with a preferred orientation of “grains’ at the
microscopic level, are outside our field of view, at least for the moment.

We have talked about stress at a point. We drew a
figure like the one at the right to help us visualize the nature
of the normal and shear components of stress at a point. We
say the state of stressis fully specified by the normal compo-

nents, o , 0 o_ and the shear componentsc_ =0, 0 _=0
g =g * YV 7? oy vz Czy

pv4 X

With these restrictions and a heavy dose of symme-
try, we will be able to construct a set of stress/strain equa-
tionsthat will apply to many structural materials. Thiswe do
now, performing a sequence of thought experiments in
which we apply to an element of stuff at a point each stress
component in turn and imagine what strains will be engen-
dered, which ones will not. Again, symmetry will be crucial
to our constructions.

We start by applying the normal stress component o, aone.

We expect to see some extensional strain €. We might not anticipate
normal strains in the other two coordinate directions but there is

Ox nothing to rule them out, so we posit an sy and an £,

Now these, because of the indifference of the material to the orienta-
tion of the y and the z axis,— that is, from symmetry— these must be
equal. We can say nothing more on the basis of our symmetrical

Oy thoughts alone. At this point, we will cheat, and introduce a real

piece of experimental data, namely that the material contractsin the

y and z directions as it extends in the x direction due to the applied
o We write then, for the strains due to a o

e, = 0,/E

g, = & = —Ug,

In these we have made use of another bit of real experimental evidence in designating the constant
of proportionality in the relationship between the extensional strain in the direction of the applied nhormal
stress to be the elastic, or Young's modulus, E. The ratio of the lateral contraction to the extension, the so

4.33 ENGINEERING MECHANICS FOR STRUCTURES



Stress/Strain Relations

called Poisson’sratio is designated by the symbol v. We have encountered the magnitude of the el astic mod-
ulus E for 1020, cold rolled steel in the previous chapter. Poisson’s ratio, v is new; it takes on values on the
order of one-quarter to one-half, the latter value characterizing an® incompressible material.

But what about the shear strains? Does o, engender any shear strains? The answer is no and here
symmetry is al that we need to reach this conclusi on. The sketch below shows two possible configurations
for the shear strain y_. Both are equally possible to an unbiased observer. But which one will follow the
application of O'X?

There is no reason why one or the other should occur.? Indeed they are in contradiction to one
another; that is, if you say the one at the left occurs, |, by running around to the other side of the page, or
more easily, by imagining the bit on the left rotated 180° about a vertical axis, can obtain the configuration
at theright. But thisisimpossible. These two dramatically different configurations cannot exist at the same
time. Hence, neither of them is a possibility; a normal stressg, will not induceay , or for that matter, ay,,
shear strain.By symmetry again, we can rule out the possi b|||ty of ay . We conclude, then, that under the
action of the stress component o, alone, we obtain the extensional str%s written out above.

Our next step is to apply a stress component ¢ alone. But since the body is isotropic, it does not
differentiate between the x and y directions. Hence our 3K is easy; we simply replace x by y (and y by x) in
the above relationships and we have that, under the action of the stress component o, alone, we obtain the
extensional strains

e, = 0/E & = &, = —U(0,/E)
The same argument applies when we apply the normal stress o, alone.

Now if we apply all three components of normal stress together, we will generate the extensional
strains, and only the extensional strains,

1. Infact, Poisson proved that, for an isotropic body, Poisson’s ratio should be exactly one-quarter.
We claim today that he was working with afaulty model of the continuum. For some relevant history on early
nineteenth century developmentsin the continuum theories see Bucciarelli and Dworsky, SOPHIE GERMAIN,
an Essay in the Development of the Theory of Elasticity

2. Think of theicon at the top as Buridan’s ass, the two below as bales of hay.
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& = (I/E) o, V(0 + 0,)]
g, = (1/E) 0o, ~Vv(0,+0,)]
and
e, = (I/E) o,-v(0, + 0))]

One possibility remains: What if we apply a shear stress? Will this produce an extensional strain
component in any of the three coordinate directions? The answer is no, and symmetry again rules. For
example, say we apply ashear stress, 6__ . The figure below shows two possible, shortly to be shown impos-
sible, geometries of deformation whi chihclude extensional straini ng.

rotate 180°

Now | imagine rotating the one on the |eft about an axis inclined at 45° as indicated. | produce the
configuration on the right. Try this with a piece of rectangular paper, a3 by 5 card, or the like. But thisis an impossible
situation. The two configurations are mutually contradictory. A like cause, in this case a positive shear
stress at the point, should produce alike effect. Thisis not the case. Hence, neither the deformation of B nor
of Cispossible.

There remains one further possibility: that a o generates an extensional strain in the x direction
equal to that in the y direction. But this too can be ruled out by symmetry. We conclude then that the shear

strain o xy or cyz oro,, for that matter, produces no extensional strains.

The expressions for the extensional strains above are not quite complete. We take the opportunity
at this point to introduce another quite distinct cause of the deformation of solids, namely a temperature
change. The effect of atemperature change is to produce an extensional strain proportional to the change.
That is, for an isotropic body,

Eoryorz — aAT

The coefficient of thermal expansion, a, has units of 1/°C or 1/°F and for most structural materials
is a positive quantity on the order of 10°®. Materials with a negative coefficient of expansion deserve to be
labeled exotic. They are few and far between.

The equations for the extensional components of strain in terms of stress and temperature change
then can be written

In the above, we ruled out the possibility of a shear stress producing an extensional strain. A shear
stress produces, as you might expect, a shear strain. We state without demonstration that a shear stress pro-
duces only the corresponding shear strain. Furthermore, a temperature change induces no shear strain at a
point. The remaining three equations relating the components of stress at a point in alinear, elastic, isotro-
pic body are then.

4.35 ENGINEERING MECHANICS FOR STRUCTURES



Stress/Strain Relations

& = (VE)o,—v(0,+0,)] +aAT
e, = (IVE)o,—v(o,+0,)] +aAT
and
g, = (VE)[o,-v(o,+0y)] +aAT

Yxy = Oxy/ G
Yxz = Ox,/ G
and
Yyz = 0y,/G

Recall that 0 = o . In these, G, the shear modulus is apparently athird elastic constant but we
shall showintimethat GCan ng@(prmdi ntermsof theel asticmodul usandPoi sson’ sratioaccordingto:

E

C= 3Ty

Exercise 4.8 A steel bolt, of 1/2 inch diameter, is surrounded by an aluminum cylindrical sleeve of

3/4" diameter and wall thickness, t= 0.10 in. The bolt has 32 threads/inch and when the materia is at atem-
perature of 40°C the nut is tightened one-quarter turn.

I I
34" -
2 L=6"

Show that the uniaxial stresses acting in the bolt and in the sleeve at this temper-
ature are it = 79 MN/mZ, and o = - 63 MN/m?

sleeve
where the negative sign indicates the aluminum sleeve is in compression. What if
the bolt and nut are cooled; at what temperature might the bolt become loose in
the deeve?

Compatibility of Deformation

Compatibility of Deformation is best assured by playing out a thought experi-
ment about how the bolt and sleeve go from their initial unstressed, undeformed
state to the final state. Think of the bolt and nut being separate from the sleeve.
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Think then of turning down the nut one quarter turn. We show this state at the left. A is the distance traveled
in one quarter turn which, at /32 inch/turnisjust A =1/128in

I I

L-A L L-A

|
[——

T+ — S L\ B —b
= 14 LI_LT "ta T = }
= — ds —

— — I
Turn nut down Stretch bolt - fit sleeve Release

Next think of stretching the bolt out until we can once again fit the nut-bolt over the aluminum
sleeve, the latter till in its undeformed state. This is shown in the middle figure above. Now, while stretch-
ing out the bolt in this way, place over the aluminum sleeve®. The bolt will strive to return to its undeformed
length — the behavior is assumed to be elastic — while the aluminum sleeve will resist contraction. The final
state is shown at the right. The net result isthat the steel bolt has extended from its undeformed stateadis-
tance dywhile the aluminum sleeve has contracted a distance d_. We see from the geometry of these three
figures that we must have, for compatibility of deformation, 3S+ d, = A which is one equation in two
unknowns.

Equilibrium

The figure below shows an isolation made by cutting through the bolt and

the sleeve at some arbitrary section along the axis. Note in this | have

violated my usual convention. | have taken the forcein the aluminum l
aspositivein compression.

v

L

|_LJ_|

)-»

sum of the distributed loading around the circumference. F, isthe tensile
force in the bolt. Like the carton-tie-down exercise, these two internal
forces are salf equilibrating; there are no external applied forces in the
final state. We have F,—Fs =0

| ¢

We let F_be the resultant compressive force in the sleeve, the g

—

|
|

The normal stresses in the deeve and the bolt are found assum-
ing the resultant forces of tension and compression are uniformly distributed over their respective areas.
Equilibrium then can be expressed as 0, (A, = o,[A, wherethe As are the cross sectional areas of the
bolt and of the sleeve.

Constitutive Relations
The constitutive relations are, for uniaxial loading, which is the case we have on hand,

o, = E;Qdy/L) and o, = E,d,/L)

1. Sincethisisathought experiment we don’'t have to worry about the details of this physically
impossible move.
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We have then atotal of four equations for four unknowns — the two displacements, the two stresses.
Substituting the expressions for the stresses in terms of displacements into the equilibrium alows me to
write d, = d,AE/ALE)

which tells me the relative deformation as a function of the relative stiffness of the two materia. If the
seeveis“softer”, the bolt deformsless... etc.

With this, compatibility gives me away to solve for the displacementsin terms of AA. | obtain, letting
B = (AEs/ ApEp)
we have

_ 1 - B
“ AT e = 8D
Values for the stresses are found to be o, = 79 MN/n? and o = 63 MN/n?. (Note: compres-
sive)
In computing these values, the elastic modulus for steel and aluminum were taken as 200 GN/m?
and 70 GN/m? respectively. Observe that, though the steel experiences less strain, its stresslevel isgreater in
magnitude than that seen in the aluminum.
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4.10 Modes of Failure

The failure of structures occursin avariety of ways. We have talked about yielding, the
onset of plastic flow of ductile materials, materials which show relatively large, even sen-
sible, deformations for relatively small increases in load once the material isloaded
beyond itsyield strength. If the excessive load is removed before complete collapse, the
structure will not wholly return to its original, undeformed configuration.

Although it is the tension test that is used to fix the limit of elastic behavior and to define ayield
strength, the mechanism for yielding is a shearing action of the material on a microscopic level. We have
seen how atensile stressin abar can produce a shear stress on a planeinclined to the axis of the bar. We will
pursue this phenomenon further in a subsegquent chapter. There is nothing here that contradicts our symme-
try arguments which ruled out the possibility of a shear strain being generated by a normal stress. Our sym-
metry arguments only applied to components of stress and strain relative to a single orientation of our
reference axis at a point.

Not all materials behave as steel or aluminum or ductile plastics. Some materials are brittle. Load
glass, chalk, cast iron, a brittle plastic, a carbon fiber, or concrete in atension test and they will break with
very little extension. They show insensible deformation all the way up to the fracture load. Material proper-
ties and modes of failure also may depend upon temperature. What may be ductile at room temperature will
be brittle at low temperatures. In compression, a brittle material can carry a significantly greater load before
fracture. The collapse or fracture of a structure are not the only modes of failure. At high temperatures, still
well below the melting point, materials will creep — they will continuously deform at a constant load. A
material can fail in fatigue: Under continual cycling through tension then compression, a material will fail
well below the yield strength or fracture stress witnessed in a tension test. Some failure modes involve a
more macroscopic behavior of the material. Delamination of a multilayered, glued together material is one
such mode. Another of particular interest in this course is elastic buckling, amode in which large deflections
and collapse of a structure may occur well before any limiting load defined by a tension test are reached.
Excessive deflections themselves, even though small relative to those which might be seen in elastic buck-
ling or plastic collapse of a structure, can be considered “failure”, at least a failure of design. Think of the
constraints on deflections and rotations that must be satisfied by the structural support of an optical tele-
scopic or another instrument in which alignment is critical.

Failure, then has many faces. Most if not all of its modes depend upon knowing well a structure's
behavior in terms of the variables we have constructed here: stress, strain, and displacements.
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4.11 Problems

4.1 A fluid can be defined as a continuum which is unable to support a shear stress and remain at
rest — like arigid body. The state of stress at any point, within afluid column for example, we label “ hydro-
static”; the normal stress components are equal to the negative of the static pressure at the point and the
shear stress components are all zero. 0, =0,=0,=-pand O,, = 0,, = 0, =0.

Using the two dimensional transformation relations (the existence of 0, does not affect their valid-
ity) show that the shear stress on any arbitrarily oriented planeis zero and the normal stressis again -p.

4.2 Estimate the compressive stress at the base of the Washington Monument - the one on the Maill
in Washington, DC.

4.3 The stress at apoint in the plane of athin plateis shown. Only the shear stress component is not
zero relative to the x-y axis. From equilibrium of a section cut at the angle (@, deduce expressions for the
normal and shear stress components acting on the inclined face of area A. NB: stressisaforce per unit area
so the areas of the faces the stress components act upon must enter into your equilibrium considerations.

O, o

4.4 Construct Mohr’s circle for the state of stress of exercise 4.3, above. Determine the "principle
stresses'and the orientation of the planes upon which they act relative to the xy frame.

4.5 Given the components of stress relative to an x-y frame
at apoint in plane stress are;

0,=4, GOy,=2 0,=-1

What are the components with respect to an axis system
rotated 30 deg. counter clockwise at the point?

Determine the orientation of axis which yields maximum
and minimum normal stress components. What are their
vaues?

4.6 A thin walled glass tube of radius R = 1 inch, and wall thickness t= 0.010 inches, is closed at
both ends and contains afluid under pressure, p = 100 psi. A torque, M, of 300 inch-1bs, is applied about the
axis of the tube.

Compute the stress components relative to a coordinate frame with its x axis in the direction of the
tube’'s axis, itsy axis circumferentially directed and tangent to the surface.

Determine the maximum tensile stress and the orientation of the plane upon which it acts.
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4.7 Show that for the thin circular hoop subject to an axi-symmetric,
radial extension U, that the circumferential extensional strain, can be
expressed as

o & (L-Ly)Ly=ulrg

where L isthe original, undeformed circumference.

4.8 What if we change our sign convention on stress components so that a normal, compressive
stress istaken as a positive quantity (atensile stress would then be negative). What becomes of the transfor-
mation relations? How would you ater the rules for constructing and using aMohr’s circle to find the stress
components on an arbitrarily oriented plane?

What if you changed your sign convention on shear stress as well; how would things change?

4.9 Three strain gages are mounted in the directions shown on the sur-
face of athin plate. The values of the extensional strain each measuresis
€ =10e05 also shown in the figure.

i) Determine the shear strain component Y, at the point with respect to
the xy axes shown.

i) What orientation of axes gives extreme values for the extensiona

€a=10e05 strain components at the point.
iii) What are these values.
410 Three strain gages measure the extensiona strain in the three b
directions Oa, Ob and Oc at “the point 0”. Using the relationship we derived in
class a c
Epg = E€4COSPQ+Y,, COSPSIN @+ §SIN*Q ,
45
find the components of strain with respect to the xy axisin terms of €,, €, and €,
X
4.11 A strain gage rosette, fixed to a flat,
& & thin plate, measures the following extensional strains
120% z € =1EO04
607 % g, =1 E04
& =2.E-04

y

i

Determine the state of strain at the point, expressed in terms of com-
ponents relative to the xy coordinate frame shown.
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4.12 Given the components of stress relative to an x-y
frame at apoint in plane stress are;

0,=4, GCy=2 0,=-1

What are the components with respect to an axis system
rotated 30 deg. counter clockwise at the point?

Determine the orientation of axiswhich yields maximum
and minimum normal stress components. What are their values?

4.13 Hoop #1 is enclosed within hoop #2. The two are made of different materials, have different
thicknesses but the same width (into the page). They are shown in their unstressed state, just touching. Show
that after tightening the bolt at the top of the assembly and closing the gap, A, to zero, the stressin the outer
hoop is tensile and has magnitude F/(bt;) while the stress in the inner hoop is compressive and has magni-
tude F/(bt,). In these t; and t, are the thicknesses,

F = KikoV/(ky+ko)
where
k= (EJL,  and k= (bt)ElL,

What if an internal pressure is applied to the inner hoop? When will the stress in the inner hoop
diminish to zero? What will be the hoop stress in the outer hoop at thisinternal pressure?

A

(s

>
]

x #2

4.14 Thethin plate is acomposite of two materials. A quarter inch thick, steel, plateisclad on both
sides with athin (t; = 0.005 in), uniform, layer of aluminum. The structure is stress-free at room tempera-
ture. Show that the stresses generated in the two materials, when the temperature changes an amount AT,
may be approximated by

Oy = (Og-0,4)Ey AT/(1-V) and Og = -(2ty/ty)(Ag-04)E4xAT/(1-V)

At what temperature will the clad plate begin to plastically deform? Where?
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4.15 Two cylindrical rods, of two different materi-

asarerigidly restrained at the ends where they

meet the side walls. The system is subject to atem- Ap,Ep L
peratureincrease AT az

How must their properties be related if the point at
which they meet is not to move left or right?

Ay Ep Ly

If material #1 is steel and #2 is aluminum, what
more specifically can you say?

E;=200GPa sted

E,=70GPa  aluminum a;=15e06 /°C a,=23e06 /°C
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Design Exercise 4.1

A solid circular steel shaft of diameter 40 mmiis to be fitted with a thin-walled circular cylindrical
sleeve, also made of steel. In service the system isto serve as a stop, halting the motion of another fitted, but
freely moving cylindrical tube whose inner radius is dlightly larger than the outer radius of the solid shaft.
The stopping sleeveisto remain in fixed location on the solid shaft for all axial loads |ess than some critical
value of theforce F shownin thefigure. That is, for F< 50kN. If F exceedsthislimit the sleeveisto friction-
ally break free and alow the sliding cylinder to continue moving. along the shaft.

It is proposed to fasten the deeve to the shaft by means of ashrink fit. Theinitial inner radius of the
sleeve isto be made dightly less than theinitia outer radius of the shaft. The sleeve isthen heated to a tem-
perature not to exceed ATmax = 250°C so that its heat-treatment is not affected. The hot Sleeve is then
slipped over the shaft and positioned as desired. When the sleeve cools down, the radial misfit between the
shaft outer radius and the sleeve's unstressed inner radius will generate sufficient mechanical interaction
between the two so that the stopping and break-away functions can be fulfilled.

Size the deeve.

_ LSS Sy 4—
40mT steel F
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