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Motivation: the LHC!
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Example: Factorization for Drell-Yan

do dé;;
o (Ben) = 3 [ dea den ST (@, 2a, ) Fi(was 1) £ (1 10)
i’j
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Example: Factorization for Drell-Yan

do dé;;
o Boa) = 3 [z day 72 ey b, 1) Fi(was 1) £ (o )

i’j
Proven for invariant mass of the lepton pair, O = M?2. [Coliins, Soper, Sterman; Bodwin]
Why it works:

» Purely leptonic observable: O = o
» Completely inclusive in and independent of X

At the LHC: isolation cuts, jet algorithm...
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Factorization Theorems We Know

» Drell-Yan, fully inclusive

c=06QfRf &) Ko
7 .
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Factorization Theorems We Know

» Drell-Yan, fully inclusive

c=6QfQf
¢t

=

» Dijet production at threshold
1>xqmpy > M32,/EL; — 1

c=HQRfRJRI®

/ Jet
-

1220
o
2
H
,,,,,,,,,,,, m
f J
f

un ~ scale of hard interaction
pj ~ invariant mass of a jet

~ energy of soft radiation
pa ~ low scale (Aqcep)

[Kidonakis, Oderda, Sterman; Berger]
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Factorization Theorems We Know

» Drell-Yan, fully inclusive LHC parton kinematics
10° T T T T
c=6QfR® f X, , = (M/14 TeV) exp(zy)
10°F Q=M M= 10 TeV
¢t F
10 F 3
Lot _ M1 Tey Ao
= S~ 10°F 3
¢ T | - |
.. . ~ 104 E M= 100 GeV - J @ 2 -
» Dijet production at threshold v f :
1>xqmpy > M32,/EL; — 1 wk N G
; ¥y= 6 4 2 0 2 4 3]
c=HQRfRJRI® 10 E o cev
r fixed
Jet a3 HERA ot I
Lo ‘ . L
10 10* 10° 10 10 10 U 10°

[Campbell, Huston, Stirling, LHC Physics Primer]
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The Physical Picture

» Wefind: o=H
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The Physical Picture

» Wefind: oc=HRJRXJRJ

Jet nq

Jet ny Jet ng
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The Physical Picture

» Wefindt c=HQRJRJRQRJRQS

- Soft particles\] Jet ny

ny #ny#ng

Jet ny —
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The Physical Picture

» Wefindt c=HQRJRJRQJRQJSRKBRB

Beam remnant n,

Jet ny NgF Ny # Ny #na#ng
» Initial state and beam remnant in same collinear direction

» Soft modes in the jets and beam remnant “talk” to each other

» Isolating jets from the beam is indirect measurement of beam remnant
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New Beam Function

>

v

v

v

In general we find:

U:B®B®( Z Hy®R®JRQ...0J®

N jets N times

H  is the same as in threshold resummation!

The new beam function B is still universal, like the PDF f

The beam function B factorizes:

B=I®f o,
H
» calculate Z perturbatively IR S "
» attree level B = f (Z = 9) ! iLiﬁ”
f J

» natural scale ~

» below g, just running of f,
Zq,p freeze out at fu,
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New Beam Function
» In general we find:

U:B®B®(Z HvRJ Q... J® )

N jets N times

v

H  is the same as in threshold resummation!

v

The new beam function B is still universal, like the PDF f

v

The beam function B factorizes:
B=IQ/f

» calculate Z perturbatively
» attree level B = f (Z = 9)

» natural scale ~

» below g, just running of f,
Zq,p freeze out at fu,

» Lets now look at the 2 jet case...
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Energy Flow Operator

» Lets derive the factorization theorem to see where B comes from

» Most observables only depend on the
energy distribution px (€2)

» For example:
X has n particles with p; = (E;, ;)

i px(R) =) E;6(Q— Q)

b Jet

T ™ men » Energy flow operator:

E(Q)|X) = px ()|X)

[Korchemsky, Oderda, Sterman; Lee, Sterman, Bauer, Fleming;

We follow: Bauer, Hornig, Tackmann]
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Energy Flow & Factorization
» QCD cross section:
do 1
E = % ;|M(PP - X)|2 5[0 - fo(X)]
x (2m)*6*(P, + P, — Px)
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Energy Flow & Factorization
» QCD cross section:
do 1
E = % ;|M(PP - X)|2 5[0 - fo(X)]
x (2m)*6*(P, + P, — Px)

» Match onto SCET
M(pp — X) = (X|Q|pp)
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Energy Flow & Factorization

» QCD cross section:

do 1

2 = %;W(pp — X)|78[0 — fo(X)]

x (2m)*6*(P, + P, — Px)

» Match onto SCET
M(pp — X) = (X|Q|pp)

» Use energy flow to do sum over the final states

do 1

0= 355 ;@pIQTIX)(XIQIpp) 5(0 — folpx])

X (2m)*6*(P, + P, — Px)
- ZEch / Pe / d'z (pp| Q' (x) 8[p — £]2(0)Ipp) (0 — folp])
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Soft-Collinear Factorization

» SCET Lagrangian: [Bauer et. al]

L=Ln,+Lny+ Y Lo, + L.
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Soft-Collinear Factorization

» SCET Lagrangian: [Bauer et. al]

L=Ln, +Lny+ Y L, +

» Decouple collinear and soft [Bps]

Enp(x) — ¢ (x)
Aﬁ’p(w) — Asgz)“(w)
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Soft-Collinear Factorization

» SCET Lagrangian: [Bauer et. al]

L=Ln,+Lny+ Y Lo, + L.

» Decouple collinear and soft [Bps]

Enp(@) = V. (2) €0 (@)
Al (x) — V() A () V] (x)

> Energy flow factorizes [Bauer, Hornig, Tackmann]

EN) =E,(Q) + E,(Q) + Z E(Q) + £.(Q)

[Peslo—e1= [ D sl £ Dol — &) [] Poslps — &

X Dps d[ps — Es]
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Starting Point for Factorization

do 1

10 =35z | Prd's opI21 @) dlo — £12(0)Ipp) 410 ~ fole]
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Starting Point for Factorization

d 1
£ = 3EE /'Dp d*z (pp| QT () 8[p — £]Q(0)|pp) 5[0 — folpl]
= /d4ba,b Dpa,p d*pr2 Dp12 0[O0 — folpl]

X H(3,...) B(ba, pa) B(bs, pp) J(P1, p1) J (P2, p2)
X (2w)*6* (P, + Po — by — by, — p1 — p2 — k)

with

H (3,...) =hard function
B(bg, po) = beam distribution
J (pi, pi) = jet distribution
= soft distribution

» These distributions are not inclusive, they depend on p;
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Kinematics
» Pl [p] = PH(#;, R)[p] = momentum in cone of radius R around 7i;
- Pi* = P [p]

= 1H<1 [pl]+P1H~: [ps]

Bg = PUI,L<I [pa]+Prlll [p%}
=ay+
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Kinematics
» Pl [p] = PH(#;, R)[p] = momentum in cone of radius R around 7i;
- Pi* = P [p]

= 1H<1 [pl]‘l‘P{t: [ps]

B = Py [pal+ Pl [ps]

= g5+ £,
» Expanding:
P =n;-P;=q; Pr=mn;-P,=q;}+ 0/
B, =,-B, = q Bf=mn., B, =g+ ¢

> b;: (]. — $a) FEcwm
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Factorization

do = /d4ba,b Dpa.p d4p1,2 Dp1,2 d*k, Dp,

X H(3,...) B(ba, pa) B(bs, pv) J(P1, p1) J (P2, p2) Sk, o)
x (2m)*6*(Py 4+ P, — by — by — p1 — P2 — k)
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Factorization

do = / d%ba,y, Dpay d4pr,s Dprp Ak, Dp,
X H(8,...) B(bg, pa) B(by, pp) J(p1, p1) J (P2, p2) S(ks, ps)
X (27)40*(P, + Py — by — by — p1 — D2 — k)

X dej,,b,l,Z 5(pjb o Pj;,,’},[ps}) 5(£{F2 o P\:’F‘l2[p5])
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Factorization

do = /d4ba,b Dpa,b d4p1,2 Dp1’2 (14]{73 D[)S

X H(3,...) B(ba, pa) B(bs, pv) J(p1, p1) J (P2, p2) S (Fs, po)
X (271')464(P 4+ P, — by — bp — p1 — p2 — k)

X Aty 5865, — PX, ,[ps]) 8655 — P 5[ps))

x dq}, d(af, — PTlpas)) dBS, 6(BS, —qf, — ¢F))
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Factorization

do = / d%ba,y, Dpay d4pr,s Dprp Ak, Dp,
X H(3,...) B(ba, pa) B(by, pv) J(P1, p1) J (P2, p2) S(ke, pe)
x (2m)*6*(Py 4+ P, — by — by — p1 — P2 — k)
X defy 10 8(65, — PI, 4lps]) 6(& 2 — P3 alps])
x dq}, 8(at, — PXlpas]) dBS, 8(BY, —at, — 1))
X dq:tz 5(‘1;:2 - Pj [p1,2]) dP1,2 5(Pf2 - q1,2 - 31,2)
X dPy , (P, — P [p1,2])
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Factorization

do = /d4ba,b Dpa,pd*pi2 Dp12
X H(3,...) B(ba; pa) B(bv, pp) J (P1, p1) J (P2, p2)
X (2w)*6*(Py + Py, — bg — by, — p1 — p2 — k)
X
X dq;,b 5(‘1;1, - PJ[Pa,b]) dB 5(Ba b qa b~ £+b)
x dgy 5 8(aiz — PTlp1,2]) dP1,2 §(Pify — a4y — £)
X AP, 8(Pry — P< [pa.2))

-
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Factorization

do =

/ d4ba,b Dpa,b d4P1,2 DP1,2 d4ks Dps

X H(3,...) B(ba, pa) B(bs, pv) J(P1, p1) J (D2, p2) S(ks, ps)
X (2w)*6*(Py + Py — bg — by, — p1 — p2 — k&)
X de;b,Lz 5(32_,1; - P:a,b[Ps]) 5(51_,2 - le,z[Ps])

X dq:_,b 6(q:_,b — P [pas)) dsz—,b 5(3(—:1; - q:_,b - )
X dq:tz 5(qf:2 - Pj [p1,2]) dP]i_2 5(P1—,F2 - Qitz - Ziz)

X APy 5 6(Pp 5 — P [p1,2])
[ttt bt o 6

X dzqap dBf, Bo(za, Bf — £1) Bo(zs, B — 4;)
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Factorization

do =

/ d4ba,b Dpa,b d4p1,2 DP1,2 d4ks Dps

X H(8,...) B(ba,pa) B(bv, pv) J(p1,p1) J (P2, p2) S(ks, ps)

X (27")464(Pa+Pb _ba _bb — P1 — P2 _ks)
X dei_,b,Lz 6(£Ib - P:a,b[ps]) 5(51_,2 - le,z[Ps])
X dq:’b 5(‘12_,1; — P [pa,p)) dBi_,b 5(32_,17 - q:b - E;"’b)

X dq:tz 5(‘1:—1’:2 - P:[I_ [p1,2]) dPlJ',_z 5(P14,_2 - qu,z - )
X dPy , 6(P; 5, — P [p1,2])

[ttt bt o 6
X dza,p dBS, B(xa; B} — £5) Ba(ws, B — &)
X d*p1,2 Ja(py , Py — ) J<(pg , P3- — 01
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Factorization

do = / d%ba,y, Dpay d4pr,s Dprp Ak, Dp,
X H(3,...) B(ba, pa) B(bs, pv) J(p1, p1) J (P2, p2) S (Fs, po)
X (277)464(130, + Pb - ba - bb — P1 — P2 — ks)
X dej,,b,l,Z 5(pjb o Pj;,,’},[ps}) 5(£{F2 o P\:’F‘l2[p5])
X dq:—,b 5(‘1:_,11 — P [pap)) dB:_,b 5(32_,1; - qi_,b —25)

“a,b

X dqr,z 5(‘11‘:2 - Pj [p1,2]) dP:L—i,_z 5(P1—',_2 - Qii:z - ﬂj—,z)
X APy, 6(Py, — P [p1,2])
= /d@j_w S (et ef el )
X dzqp dBf, Bo(za, Bf — ¢) Bo(zy, By — £
X d*pr2 Ja(py, P — 01) Ja(pz s P — 13)
X H(2a,2b,p7 »p3 ) A0 8[0 — fo(za,xs, B, B, p7,p3)]
X (2w)*6* (320 Ecvna + 2@ Ecvne — p1 — P2)
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Factorization

do

0= /dﬂi,}_m S.(er,ef ef,e3)
X dzqap dBf, Bo(za, B — £1) Bo(zp, By — £
X d*p1a J<(p7, Py — 01) J<(p3, Py — £3)

X H($aa mbapl_apz_) 6[0 - fO(fBaa mb’Bi_vB:_apl_apz_)]

X (2m)*6* (520 Ecm na + 525 Ecv 1y, — p1 — p2)

» Pick an observable, e.qg. / p
P Py
M?JZZPI‘P2:%CCambEéM _ S

=== =
v v B S
Does not depend on B, Py

» Cannot integrate away B;b to give PDF: B — f
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Factorization

» Simple example that demonstrates that B is important:

£ = [dwauH( TP
—_— = Tq Tas H
d_Pl_ sz_ ,b s LbyP1 9P2 5 K
X B<I(ma7B:max_ ;/J/) B<I(mb7Bb+max_ ;ll’)
X']<I(p1_7P1+max_ ;H)J<I(p2_vP2+max_ ;/L)
» Pick an observable, e.qg. p
P P, /
M.?J =2P-P; = 1_ E Lq Lb EéM = _——

H — —~—
o b By === = B
Does not depend on B, Py

» Cannot integrate away B+ to give PDF: B — f

» Can only integrate B , up to Ba bmax €0 B+, is restricted by exp. cuts

i ~ Bl (xEcwm) ~ e 2ycu‘az(l — z)E%,\; ~ (50 — 200 GeV)?

max

Wouter Waalewijn (MIT) Factorization at the LHC & Beams SCET '09 14/19



Beam Function

» We now consider the inclusive B (drop the cone restriction B.)

Yo, —bt
» Quark beam function B, (b w, z; u) ® ® .
“ Rl
1 (fdz™ 4+ -
Bq(b"'w,w/Pa_; p) = — /7 e]b+m /2 p P
w 4 Yw,—bt
il _ ® ®
X (Pn[Xn (27 n/2) 3 8(w = P) Xn(0)|pn) AN
P/ \P
. Y w
» Compare with PDF f,(z; 1) ®
IR,
— — ﬂ = p \p
-fq(w/Pa i) = <pn|Xn(0) 5 0(w—"P) Xn(0)|pn>
v
Qw
4 2
snin
P,/ \p
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Beam Function Factorizes

» B factorizes (matching SCET; — SCETyj)

Bq(b+waz;“) = Z dzll.qi(b+waz - ZI;H) fi(zi;”)
1=4,9,q

Yw,—bt Yw,—bt Yw yw
®Q ® Qg ®

®
/ AN 4 Al SN 4
4 < —+ P’ \ +...:Iqq X 4 < —+ logosey | e e
! ) P/ P p/f NZ

p/ \p p, P

> Attree level Z7°°(b*w, 2) = d(b*w) d(z) and Z7°° = Z[**° = 0 s0
B;ree(b+w, z) = (bt w) fq(2)
» Atone-loop Z,, # 0

Yw,—bt

. ®
gluon PDF f, mixes

N
into B, pf"("%p
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Beam Function Running

> running up pa — iy A z Evolution My s Evolution  Up
d . 2 ’ ’
u@f(z;u) = [ dz' 7 (2,2) f(z'5 1)

F(z5pe) = /dZ' U’ (2,25 oy pa) F(2'5 14)
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Beam Function Running

> running up pa — fp HA z Evolution [y s Evolution

d .
u@f(z;u) = / dz' v (z,2') f (2’5 1)
F(z5pe) = /dZ' U’ (2,25 oy pa) F(2'5 14)

» matching at 115, with s = b w = inv. mass of initial state jet
B(s,z; pp) = /dz'I(S,Z — 25 o) (2’5 po)
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Beam Function Running

> running up pa — fp HA z Evolution [y s Evolution

d .
u@f(z;u) = / dz' v (z,2') f (2’5 1)
F(z5pe) = /dZ' U’ (2,25 oy pa) F(2'5 14)

» matching at 115, with s = b w = inv. mass of initial state jet
B(s,z; pp) = /dz'I(S,Z — 25 o) (2’5 po)

> running up gy — @ ‘
B(s,z;p) = /dS’ UP (s, 85y o) B(s', 25 o)
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Beam Function Running

» Scales and running:

A pn ~ scale of hard interaction
“ p; ~ inv. mass of final state jet
f S LS ¥ S a [, ~ inv. mass of initial state jet
f i ~ energy of soft radiation
pa ~ low scale (Aqcep)

KA

» Unlike f, the RGE for B includes Sudakov double logs

B(s,z;p) = /dS’ UP (s, 85ty o) B(s', 25 o)

Invariant mass restrictions on the real radiation yield terms
~B (s, s"; 1) o< In(pe/s), which sum the Sudakov double logs
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Summary & Outlook

» One needs to take the beam into account

» The beam function enters factorization
theorems in a universal way

a=B®B®(ZHN®J®...®J® )

N jets

} N times
ol Y » PDF f replaced by B
 — ., » Hp; as in threshold resummation
7 B J
; e » B factorizes at a scale u,

Bq(b""w; N =/dz' Iqi(b+w, z—2'5 1) fi(2'5 1)

» Below u: usual running of f involving z

22— > Above 113 the evolution affects the
‘ ‘ i inv. mass b"w, but keeps z fixed!

HA z Evolution [ty s Evolution — ptp
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