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• Fractional quantum Hall effect as a 
nonperturbative problem

• “Old” composite fermion

• Missing symmetries

• New composite fermion and dualities

Refs: DTS, PRX 2015
        D.X. Nguyen, S.Golkar, M.Roberts, DTS arxiv:1709.07855
        



New dualities suggested by FQHE

• Duality: equivalence between two field theories, which 
often look completely different from each other

• A famous example: duality between sine-Gordon 
theory and Thirring model in (1+1)D Coleman 1975

• boson = fermion

• Another well known example: duality between 
complex scalar and abelian Higgs model in (2+1)D

• particle on one side = vortex on the other side 
Peskin; Dasgupta, Halperin1970s

• FQHE: duality between two fermionic theories



The Hall effect

• Quantum Hall effects are among the most surprising 
discoveries in physics

• In 1879 Edwin Hall discovered voltage perpendicular 
to electric current in a magnetic field (the Hall effect)
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Integer quantum Hall effect
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In this paper we report a new, potentially high-

accuracy method for determining the fine-struc-
ture constant, n. The new approach is based on
the fact that the degenerate electron gas in the in-
version layer of a MOSFET (metal-oxide-semi-
conductor field-effect transistor) is fully cluan-
tized when the transistor is operated at helium
temperatures and in a strong magnetic field of
order 15 T.' The inset in Fig. 1 shows a schem-
atic diagram of a typical MOSFET device used in
this work. The electric field perpendicular to the
surface (gate field) produces subbands for the mo-
tion normal to the semiconductor-oxide interface,
and the magnetic field produces Landau quantiza-
tion of motion parallel to the interface. The den-
sity of states D(E) consists of broadened 5 func-
tions'; minimal overlap is achieved if the mag-
netic field is sufficiently high. The number of
states, NL, within each Landau level is given by
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where we exclude the spin and valley degenera-
cies. If the density of states at the Fermi ener-
gy, N(EF), is zero, an inversion layer carrier
cannot be scattered. , and the center of the cyclo-
tron orbit drifts in the direction perpendicular to
the electric and magnetic field. If N(FF) is finite
but small, an arbitrarily small rate of scattering
cannot occur and localization produced b th l
lxf t

y e ong
e arne is the same as a zero scattering rate,

i.e., the same absence of current-carrying states
occurs. ' Thus, when the Fermi level is between
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FIG. l. Recordings of the Hall voltage U and th
vol
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unction of the gate voltage V at T = 1.5 K. The con-
stant magnetic field {B) is 18 T and the source drain
current, l, is 1 A.p, . The inset shows a top view of the
device with a length of I =400 pm, a width of 8' =50 pm,
and a distance between the potential probes f I
p,m.
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Plateaux with quantized 
Hall conductivity
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precision ~ 10-9!

Dorda, Pepper, von Klitzing 1980 



Landau level and IQHE

• Landau 1930: discrete energy levels in B field

• IQHE: electrons filling n Landau levels
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• Tsui, Stormer, Gossard (1982): quantum Hall effect 
when a fraction of a Landau level is filled



Fractional quantum Hall effect

Stormer 1992



Fractional QHE
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Filling fraction

Increasing B field: more states available 
in lowest Landau level
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Fractional QHE
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• The fractional quantum Hall effect was not 
predicted by theory

• first theory Laughlin 1983

• Rephrasing Weisskopf: a group of theorists in 
closed building would not be able to predict FQHE



A nonperturbative problem
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No perturbation theory
only one Landau level is important



Nevertheless, some systematics
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Half filled Landau level

• Most surprisingly, when the Landau level is half 
filled (ν=1/2), the ground state seems to be a 
Fermi liquid!

• Fermionic quasiparticle moves in straight line

• so has to be electrically neutral

• what is the nature of this quasiparticle?



“Old” 
composite fermion



Composite fermion
Flux attachment Wilczek 1982, Jain 1989



Composite fermion
Flux attachment Wilczek 1982, Jain 1989



Composite fermion

(�1)

Flux attachment Wilczek 1982, Jain 1989



Composite fermion

(�1)

Flux attachment Wilczek 1982, Jain 1989



Composite fermion

(�1) exp(2i⇡) = (�1)

Flux attachment Wilczek 1982, Jain 1989



Composite fermion

(�1) exp(2i⇡) = (�1)

e = CF

Flux attachment Wilczek 1982, Jain 1989



Composite fermion
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per average zero field
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per average zero field
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Fermi liquid of CF 
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Jain’s sequence of plateaux
• Composite fermion feels a reduced magnetic field

Electrons Composite fermions

⌫ =
n

2n+ 1 n filled Landau levels

⌫ =
n+ 1

2n+ 1
n+1 filled Landau levels

Be↵ = B � 2⇡n
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smaller magnetic field → larger filling factor



Jain’s sequence of plateaux
• Composite fermion feels a reduced magnetic field

Electrons Composite fermions
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2n+ 1 n filled Landau levels
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smaller magnetic field → larger filling factor

gapped



(end of the old story)



The mystery of a 
missing symmetry



Particle-hole symmetry

PH conjugation

Girvin 1984
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Half empty = half full

wikipedia.org



PH symmetry of a Fermi 
liquid? 



PH symmetry of a Fermi 
liquid? 
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PH symmetry of a Fermi 
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PH asymmetry in the CF theory

ν=1/3 ν=2/3
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CF representation of PH conjugate pairs of FQH states



PH asymmetry in the CF theory

ν=2/5 ν=3/5
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CF representation of PH conjugate pairs of FQH states



PH asymmetry in the CF theory

ν=3/7 ν=4/7
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CF representation of PH conjugate pairs of FQH states



PH asymmetry in the CF theory

CF picture does not respect PH symmetry

ν=3/7 ν=4/7

⌫ =
n

2n+ 1
⌫ =

n+ 1

2n+ 1

CF representation of PH conjugate pairs of FQH states



• The particle-hole asymmetry of the CF picture has 
been known for a long time Kivelson et al 1997

• only recently a solution has appeared:

• The composite fermion is a Dirac fermion



Fermionic particle-vortex duality

L = i ̄e�
µ(@µ � iAµ) e

L = i ̄�µ(@µ � iaµ) � 1

4⇡
✏µ⌫�Aµ@⌫a�

Dirac fermion in (2+1)D 

QED in (2+1)D

A fermionic version of od particle-vortex duality Peskin; 
Halperin Dasgupta 1970s

DTS; Metlitski,Vishwanath; Senthil, Wang 2015



Particle-vortex duality
original fermion dual fermion

magnetic field density

density magnetic field
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Z
d

3
x


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µ(@µ � iaµ) � 1

4⇡
✏
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�
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• In the FQHE the original fermion is the electron

• the dual fermion is the composite fermion

• Their numbers do not have to match

• We still don’t have an explicit duality 
transformation

⇥2 = (�1)NCF 6= (�1)Ne
<latexit sha1_base64="7gkbdHzuihItasqHJ1rRUlsOIq8=">AAACB3icbVC7SgNBFL0bXzG+Vi1tBoOgiGHXRu2CNlYSwRghu4bZyY0OmZ1dZ2YDYckP+A0WNlpbia2fYemfOEksjHrgwuGcezmXE6WCa+N5H05hanpmdq44X1pYXFpecVfXLnWSKYZ1lohEXUVUo+AS64YbgVepQhpHAhtR92ToN3qoNE/khemnGMb0RvIOZ9RYqeW6JJB4R7b3/J3r/KyFg5Zb9ireCOQv8b9JuboZ7D4CQK3lfgbthGUxSsME1brpe6kJc6oMZwIHpSDTmFLWpTfYtFTSGHWYjz4fkC2rtEknUXakISP150VOY637cWQ3Y2pu9W9vKP7nNTPTOQxzLtPMoGTjoE4miEnIsAbS5gqZEX1LKFPc/krYLVWUGVvWREoUDzvxfzfwl9T3K0cV79x2cwxjFGEDNmEbfDiAKpxCDerAoAcP8ATPzr3z4rw6b+PVgvN9sw4TcN6/APCLmjA=</latexit><latexit sha1_base64="FF9LUVnUULGzC5cMh35w0StCzKs=">AAACB3icbVA9TwJBFNzDL8SvU0ubDcQEYyR3NmpHtLEymIiQcCfZWx6wYW/v3N0jIRf+gLWlrdZWxtafQek/cQELASd5yWTmvczLBDFnSjvOyMosLa+srmXXcxubW9s79u7evYoSSaFKIx7JekAUcCagqpnmUI8lkDDgUAt6V2O/1gepWCTu9CAGPyQdwdqMEm2kpm1jT8AjLp64Rw/pTROGTbvglJwJ8CJxf0mhnPeOn0flQaVpf3utiCYhCE05UarhOrH2UyI1oxyGOS9REBPaIx1oGCpICMpPJ58P8aFRWrgdSTNC44n69yIloVKDMDCbIdFdNe+Nxf+8RqLb537KRJxoEHQa1E441hEe14BbTALVfGAIoZKZXzHtEkmoNmXNpAThuBN3voFFUj0tXZScW9PNJZoiiw5QHhWRi85QGV2jCqoiivroBb2iN+vJerc+rM/pasb6vdlHM7C+fgAPWJu2</latexit><latexit sha1_base64="FF9LUVnUULGzC5cMh35w0StCzKs=">AAACB3icbVA9TwJBFNzDL8SvU0ubDcQEYyR3NmpHtLEymIiQcCfZWx6wYW/v3N0jIRf+gLWlrdZWxtafQek/cQELASd5yWTmvczLBDFnSjvOyMosLa+srmXXcxubW9s79u7evYoSSaFKIx7JekAUcCagqpnmUI8lkDDgUAt6V2O/1gepWCTu9CAGPyQdwdqMEm2kpm1jT8AjLp64Rw/pTROGTbvglJwJ8CJxf0mhnPeOn0flQaVpf3utiCYhCE05UarhOrH2UyI1oxyGOS9REBPaIx1oGCpICMpPJ58P8aFRWrgdSTNC44n69yIloVKDMDCbIdFdNe+Nxf+8RqLb537KRJxoEHQa1E441hEe14BbTALVfGAIoZKZXzHtEkmoNmXNpAThuBN3voFFUj0tXZScW9PNJZoiiw5QHhWRi85QGV2jCqoiivroBb2iN+vJerc+rM/pasb6vdlHM7C+fgAPWJu2</latexit>



p
x

<latexit sha1_base64="+f8A+mAT1yrcZtXTb1kGUECfMcE=">AAAB+HicbVA9TwJBEJ3DL8Qv1FKLjcTEitzZoB3RxhKiJyRwIXvLHmzY3bvs7hnJhZ9gq7WVsbXyr9jpP3H5KAR8ySQv781kZl6YcKaN6345uZXVtfWN/GZha3tnd6+4f3Cv41QR6pOYx6oZYk05k9Q3zHDaTBTFIuS0EQ6ux37jgSrNYnlnhgkNBO5JFjGCjZVuk85jp1hyy+4EaJl4M1KqHn/WvwGg1in+tLsxSQWVhnCsdctzExNkWBlGOB0V2qmmCSYD3KMtSyUWVAfZ5NQROrVKF0WxsiUNmqh/JzIstB6K0HYKbPp60RuL/3mt1EQXQcZkkhoqyXRRlHJkYjT+G3WZosTwoSWYKGZvRaSPFSbGpjO3JRQjm4m3mMAy8c/Ll2W3brO5ginycAQncAYeVKAKN1ADHwj04Ame4cXJnFfnzXmftuac2cwhzMH5+AWx1JaJ</latexit><latexit sha1_base64="fWDa4vHnhn/fXRrYuj3AvukEmTo=">AAAB+HicbVA9TwJBEJ3DL8Qv1FJjNhITK3LYqB3RxhKiJyRwIXvLHmzY3bvs7hnJhdLSVmsrY2vFX7G09k+4fBQCvmSSl/dmMjMviDnTxnW/nMzS8srqWnY9t7G5tb2T392711GiCPVIxCNVD7CmnEnqGWY4rceKYhFwWgt61yO/9kCVZpG8M/2Y+gJ3JAsZwcZKt3HrsZUvuEV3DLRISlNSKB8Oqz9PR8NKK//dbEckEVQawrHWjZIbGz/FyjDC6SDXTDSNMenhDm1YKrGg2k/Hpw7QiVXaKIyULWnQWP07kWKhdV8EtlNg09Xz3kj8z2skJrzwUybjxFBJJovChCMTodHfqM0UJYb3LcFEMXsrIl2sMDE2nZktgRjYTErzCSwS76x4WXSrNpsrmCALB3AMp1CCcyjDDVTAAwIdeIYXeHVS5815dz4mrRlnOrMPM3A+fwGjrZfv</latexit><latexit sha1_base64="fWDa4vHnhn/fXRrYuj3AvukEmTo=">AAAB+HicbVA9TwJBEJ3DL8Qv1FJjNhITK3LYqB3RxhKiJyRwIXvLHmzY3bvs7hnJhdLSVmsrY2vFX7G09k+4fBQCvmSSl/dmMjMviDnTxnW/nMzS8srqWnY9t7G5tb2T392711GiCPVIxCNVD7CmnEnqGWY4rceKYhFwWgt61yO/9kCVZpG8M/2Y+gJ3JAsZwcZKt3HrsZUvuEV3DLRISlNSKB8Oqz9PR8NKK//dbEckEVQawrHWjZIbGz/FyjDC6SDXTDSNMenhDm1YKrGg2k/Hpw7QiVXaKIyULWnQWP07kWKhdV8EtlNg09Xz3kj8z2skJrzwUybjxFBJJovChCMTodHfqM0UJYb3LcFEMXsrIl2sMDE2nZktgRjYTErzCSwS76x4WXSrNpsrmCALB3AMp1CCcyjDDVTAAwIdeIYXeHVS5815dz4mrRlnOrMPM3A+fwGjrZfv</latexit>

py
<latexit sha1_base64="rrAVlvbowv/n/oTUg4OXI8ZI/xM=">AAAB+HicbVA9T8MwEL2Ur1K+CowsFgWJqUpYgK2ChbEIQiu1UeW4TmvVdiLbQYqi/gRWmJkQKwMzf4ORH8GO+zHQlied9PTene7uhQln2rjul1NYWl5ZXSuulzY2t7Z3yrt79zpOFaE+iXmsmiHWlDNJfcMMp81EUSxCThvh4GrkNx6o0iyWdyZLaCBwT7KIEWysdJt0sk654lbdMdAi8aakUjv6+fgEgHqn/N3uxiQVVBrCsdYtz01MkGNlGOF0WGqnmiaYDHCPtiyVWFAd5ONTh+jYKl0UxcqWNGis/p3IsdA6E6HtFNj09bw3Ev/zWqmJzoOcySQ1VJLJoijlyMRo9DfqMkWJ4ZklmChmb0WkjxUmxqYzsyUUQ5uJN5/AIvFPqxdV98ZmcwkTFOEADuEEPDiDGlxDHXwg0INHeIJnJ3denFfnbdJacKYz+zAD5/0XdWiXFA==</latexit><latexit sha1_base64="aazoE0Ta8/aXEiApRxxI+JJQa2Q=">AAAB+HicbVC7TgMxENwLr5DwCFDSWAQkquhCA3QRNJRBcAQpOUU+x5dYsX0n2xfpdMon0EJNhWgp+AG+gpKPgBrnUZCEkVYazexqdyeIOdPGdT+d3NLyyupafr1Q3Njc2i7t7N7pKFGEeiTikboPsKacSeoZZji9jxXFIuC0EfQvR35jQJVmkbw1aUx9gbuShYxgY6WbuJ22S2W34o6BFkl1Ssq1w+/3j0Hxp94ufbU6EUkElYZwrHWz6sbGz7AyjHA6LLQSTWNM+rhLm5ZKLKj2s/GpQ3RklQ4KI2VLGjRW/05kWGidisB2Cmx6et4bif95zcSEZ37GZJwYKslkUZhwZCI0+ht1mKLE8NQSTBSztyLSwwoTY9OZ2RKIoc2kOp/AIvFOKucV99pmcwET5GEfDuAYqnAKNbiCOnhAoAsP8AhPTuY8Oy/O66Q150xn9mAGztsvgrSYjg==</latexit><latexit sha1_base64="aazoE0Ta8/aXEiApRxxI+JJQa2Q=">AAAB+HicbVC7TgMxENwLr5DwCFDSWAQkquhCA3QRNJRBcAQpOUU+x5dYsX0n2xfpdMon0EJNhWgp+AG+gpKPgBrnUZCEkVYazexqdyeIOdPGdT+d3NLyyupafr1Q3Njc2i7t7N7pKFGEeiTikboPsKacSeoZZji9jxXFIuC0EfQvR35jQJVmkbw1aUx9gbuShYxgY6WbuJ22S2W34o6BFkl1Ssq1w+/3j0Hxp94ufbU6EUkElYZwrHWz6sbGz7AyjHA6LLQSTWNM+rhLm5ZKLKj2s/GpQ3RklQ4KI2VLGjRW/05kWGidisB2Cmx6et4bif95zcSEZ37GZJwYKslkUZhwZCI0+ht1mKLE8NQSTBSztyLSwwoTY9OZ2RKIoc2kOp/AIvFOKucV99pmcwET5GEfDuAYqnAKNbiCOnhAoAsP8AhPTuY8Oy/O66Q150xn9mAGztsvgrSYjg==</latexit>

original fermion
B≠0
n=0

dual fermion
n≠0
b=0



PH-Pfaffian state

• Can dual fermions form Cooper pairs? seems to 
happen on the second Landau level

• Simplest pairing does not break particle-hole 
symmetry 

• (cf quark pairing Rajagopal Wilczek) 

• A new gapped state: PH-Pfaffian state

• Previously proposed Pfaffian and anti-Pfaffian 
states: pairing with orbital angular momentum ±2

h✏↵� ↵ �i 6= 0



Nature of nu=5/2 state?

• numerics prefers Pfaffian or antiPfaffian

• recent experiment prefers PH-Pfaffian

• measures edge thermal Hall coefficient, which 
distinguishes PH-Pfaffian (κ=5/2) from Pfaffian 
(κ=7/2) or anti-Pfaffian (κ=3/2) 

9 
  

that picture. The first excited Landau level poses a greater challenge. The nature of the v=5/2 and v=12/5 

states has long been a puzzle. Competing proposals were also made for the v=7/3 and v=8/3 states [35, 

36]. However, experiments show the quasiparticle charge of e*=e/3 at both filling factors [37, 21]. A 

topologically protected upstream neutral mode is present at v=8/3 and absent at v=7/3 [36]. Those results 

and our current results for the thermal conductance of these two states are compatible with composite 

fermion liquids, similar to those at v=2/3 and v=1/3. 

As mentioned in the introduction, theories of the v=5/2 are classified [38] to two types of 

topologically ordered states: abelian (such as 331, K=8, 113, and anti-331), with an integer quantized 

thermal Hall conductance and non-abelian (such as 𝑆𝑈(2)2, Pfaffian, PH-Pfaffian, Anti-Pfaffian, etc.) 

with half-integer thermal Hall conductance. [see Table in Extended Data]. 

We argue now that the observed heat conductances coefficient at v=5/2, being (2.54-2.56)𝜅0 at 

18mK, 2.64𝜅0 at 15mK, and 2.76𝜅0 at 12mK, fit well with the expectations of the non-abelian PH-

Pfaffian state, having K=2.5𝜅0. As the equilibration length is expected to increase at lower temperatures 

in states that support upstream modes, like v=2/3, v=8/3, and v=5/2 [29, 39], one would expect the 

apparent thermal conductance in the v=5/2 state to increase with lowering the temperature. Note that we 

did not find (in all our measurements) a thermal conductance coefficient that dipped below K=2.5𝜅0. 

This resembles the behavior of the thermal conductance coefficient we find in the v=2/3 and the v=8/3 

Fig. 4. Summary of the normalized thermal conductance coefficient for the v=5/2 state. We plot here the 

average K/N0 as a function of the temperature at three different fillings near v=5/2. A clear tendency of an increased 

thermal conductance at lower temperatures is visible. Such dependence is expected, since the equilibration length is 

expected to increases at lower temperatures [29]. Note that some fifteen measurements have been conducted, with 

most of them at T0=15-22mK, with K/N0=1.55-1.65.  

 

Banerjee, Heiblum... 2017



Predictions of Dirac CF theory

• Transport predictions

• Hall conductivity = 1/2, a longitudinal 
thermoelectric coefficient =0 at half filling Potter, 
Serbyn, Vishwanath 2015

• Absence of Friedel oscillations for PH-symmetric 
operators; verified numerically Geraedts et al 2015

•



Seed duality and web of dualities 

• Karch and Tong, and independently Seiberg, Senthil, 
Wang and Witten, showed that both the bosonic and 
fermionic particle-vortex duality can be obtained from 
a single “seed” duality

• fermion = boson + flux



Outlook

• Field-theoretic dualities in dimensions larger than 
2 are still not well understood

• Fractional quantum Hall effect is a experimental 
window to these dualities

• Nontrivial relationship to spin liquids, interacting 
surfaces of topological insulators.



Extra slides



Seed duality
The fermion is governed by the Dirac action

Sfermion[ψ;A] =

∫

d3x iψ̄γµ(∂µ − iAµ)ψ + . . . (2.5)

We are interested in gapless fermions which, again, leaves two choices. One of these

is a free fermion. The other is best thought of as introducing an auxiliary field σ and

adding the term σψ̄ψ to the action, tuning the mass to zero. (One can play the same
game to reach the Wilson-Fisher fixed point for the boson.)

If A is taken to obey the standard quantisation condition (2.1) then the partition

function involving the action (2.5) for a single Dirac fermion is not gauge invariant.

This is the parity anomaly [47, 48]. One way to see this is to give the fermion a mass

mψ̄ψ . Integrating them out then results in the Chern-Simons term

1

2
sign(m)SCS[A]

But, as described above, Chern-Simons terms are only gauge invariant with integer

coefficients.

Alternatively, we can see the lack of gauge invariance directly when m = 0. Consider

the background in which we insert a single unit of flux (2.1) through a spatial S2. The

Dirac fermion has a single, complex zero mode, χ. This means that the monopole has

two ground states,

|0⟩ and χ†|0⟩ (2.6)

Because ψ has charge 1, the charge of these two states must differ by +1. But, by CT

symmetry the magnitude of the charge should be the same for the two states. The net

result is that we have a simple example of charge fractionalisation and the states have

charge Q = ±1
2 . This means that, in the presence of an odd number of background

fluxes, the gauge charge is not integer valued. This is in contradiction with our original

Dirac quantisation condition which assumed unit fundamental charge. Something has

to break. That something is gauge invariance.

The upshot of these arguments is that we must amend the action (2.5) in some way

in order to preserve gauge invariance. There are (at least) two remedies. The first

is to retain the quantisation condition (2.1) but include a compensating half-integer
Chern-Simons action SCS[A]. The second is to change the quantisation condition (2.1).

Both remedies will appear in different places below.

6

relevant in the presence of Chern-Simons terms1

SCS[A] =
1

4π

∫

d3x ϵµνρAµ∂νAρ (2.2)

This appears in the path integral as eik SCS [A] where the coefficient k is referred to as

the level. If A obeys the standard quantisation condition (2.1) then gauge invariance

requires

k ∈ Z

Since this argument is important, let us remind ourselves of the key elements. We
work on Euclidean spacetime S1 × S2. This allows us to introduce a new ingredient:

large gauge transformations of the form g = eiθ, where θ ∈ [0, 2π) is the coordinate of

the S1. When evaluated on a flux background, the Chern-Simons action shifts under

such a large gauge transformation: ∆SCS[A] = 2π
∫

S2 F/2π. With the usual Dirac

quantisation condition (2.1), we learn that eikSCS [A] is gauge invariant only when k ∈ Z

as advertised.

We also need a coupling between different Abelian gauge fields. This is achieved by

a mixed Chern-Simons term, also known as a “BF coupling”,

SBF [a;A] =
1

2π

∫

d3x ϵµνρaµ∂νAρ (2.3)

The coefficient is chosen so that a flux
∫

F = 2π, has unit charge under a. The same

arguments given above show that, if both f = da and F = dA have canonical normali-

sation (2.1), then the BF-coupling must also come with integer-valued coefficient. Note
that, up to a boundary term, SBF [a;A] = SBF [A; a].

The action for the scalar fields takes the usual form

Sscalar[φ;A] =

∫

d3x |(∂µ − iAµ)φ|
2 + . . . (2.4)

where . . . denote possible potential terms. We will focus our attention on critical
(gapless) theories. That leaves two choices: we could work with a free scalar, or we

could work with a Wilson-Fisher scalar, viewed as adding a φ4 deformation and flowing

to the infra-red while tuning the mass to zero. Both of these possibilities will arise

below.
1For all gauge fields, we only write the Chern-Simons terms explicitly. For dynamical gauge fields,

there is also an implicit Maxwell term 1

g2 fµνfµν . We neglect this as we are ultimately interested in
the infra-red limit g2 → ∞. Nonetheless, we should remember that in the presence of an ultra-violet
cut-off ΛUV , we keep g2 ≪ ΛUV as this limit is taken.
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2.2 Attaching Flux to Scalars

With these building blocks in place, we can now describe the simple dual from which

all else follows. We consider a scalar coupled to a dynamical gauge field a with unit
Chern-Simons coefficient. This, in turn, is coupled to a background field A. The full

partition function takes the form

Zscalar+flux[A] =

∫

DφDa exp
(

iSscalar[φ; a] + iSCS[a] + iSBF [a;A]
)

(2.7)

Here the path integral over gauge fields implicitly includes the relevant gauge fixing

terms. Both f = da and F = dA are taken to have canonical normalisation (2.1).

If we turn off the background source, so F = 0, then the equation of motion for a0
reads

ρscalar +
f

2π
= 0 (2.8)

where ρscalar is the charge density of φ. Clearly this attaches one unit of flux to each

φ particle. In analogy with the familiar non-relativistic results [12], we should expect
the resulting object to be a fermion.

To see this explicitly, we need to look at the monopole operator [49]. (Once again,

this is simplest if we work on S2 rather than R2.) A single monopole operator has
∫

f = 2π. The constraint (2.8) means that we must excite a single mode of the scalar

in this background. However, the scalar monopole harmonics carry half-integer angular

momentum [52], ensuring that the monopole operator does indeed carry half-integer

spin. The monopole is a fermion.

With this in mind, we define the fermionic path integral
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with half-integer coefficient, e.g. e−
i
2
SCS [A]. Such a term results in contact interactions

between currents [50].

The proposed duality of [14, 17, 23] is simply to identify the theory (2.7) describing

scalar+flux with the fermionic theory. Their partition functions are conjectured to be

related as

Zfermion[A] e
− i

2
SCS [A] = Zscalar+flux[A] (2.9)
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• from the seed duality, a whole “web of dualities” 
can be derived

• example: self-duality of 2 fermions coupled to a 
U(1) gauge field

• can be verified on the lattice Kartik, Narayanan 
2015-2018



Status

• The dualities have passed many self-consistency 
checks,

• but there are no proof

• The situation is increasingly common in physics but 
perhaps one should not get used to it



Consequences of PH symmetry

• At exact half filling, in the presence of particle-hole 
symmetric disorders

j = �
xx

E+ �
xy

E⇥ ẑ+ ↵
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Consequences of Dirac CF

5

FIG. 5. The extinction of 2k
F

backscattering off PH-symmetric im-
purities. A QH bilayer with chemical potential imbalance µ allows
us to continuously tune from a PH-symmetric model (µ = 1) to a
PH-broken one (µ finite). We compute the correlation function of
a PH-even operator hPqP�qi for q

y

=

2⇡
L

y

at L
y

= 13 and plot
its derivative with respect to q

x

to bring out singularities. At the
PH-symmetric point, there are many singularities in q

x

(see App. D
for analysis), but noticeably absent is any kink at |q| = 2k

F

. This
demonstrates the Dirac structure of the CF Fermi surface: P is even
under PH, while scattering a CF across the Fermi surface to its an-
tipode is PH-odd in the Dirac theory. At finite chemical potential µ
the bilayer setup explicitly breaks PH symmetry, and a kink at 2k

F

continuously reappears.

(see App. D), the result is perfectly smooth in the vicinity of
the (already measured) momentum corresponding to this exact
2k

F

backscattering. We also confirm the absence of the exact
backscattering in the PH-symmetric model for a wider cylin-
der with L

y

= 16 which realizes five-wire CFL (see App. D).
If the absence of the 2k

F

backscattering is truly due to the
PH symmetry, rather than some peculiarity of P , we expect
that the backscattering should return if PH symmetry is ex-
plicitly broken. We break PH symmetry by adding a second
quantum well at a distance 1`

B

above the first, with Coulomb
intra- and inter-well interactions. The second well has a chem-
ical potential µ relative to the first one, and electrons can tun-
nel between the wells. When µ = 1, electrons remain in the
first well, and we recover PH symmetry. As µ decreases, elec-
trons tunnel to the second well, breaking PH symmetry, which
should induce backscattering.

In Fig. 5 we show data confirming this hypothesis for L
y

=
13. The tunneling strength is fixed at t = 0.01 in units of
e2/(4⇡✏`

B

). The system remains in an effectively one-well
CFL phase for µ > 0.05 [for smaller µ the system becomes a
Halperin (331) state]. As µ is decreased within the CFL phase,
the 2k

F

singularity reappears. Note that the measured central
charge of the CFL phase remains unchanged; thus, the gapless
Fermi surface is stable against PH-breaking perturbations (see
also App. I).

Our findings appear to violate the famous 2D fermion dou-
bling theorem: a single time-reversal-symmetric Dirac cone
is anomalous, so cannot be realized in 2D. However, as noted

in Ref. 22 our composite Dirac fermion is coupled to an
emergent gauge-field with unusual compactification condi-
tion, which “cures” the anomaly. The half-filled LLL has
yet another anomalous property. Just as the fully symmet-
ric surface of a topological insulator must be nontrivial—that
is either gapless or topologically ordered—a PH-symmetric
state of the half-filled Landau level must be nontrivial. In-
deed, it must have a Hall conductance of �xy = e

2

2h

, and if the
state is gapped, this requires fractionally charged excitations
and hence topological order. In fact PH here behaves exactly
like time-reversal symmetry on the surface of a 3D topologi-
cal phase (in class AIII—see App. H). How does this occur in
a purely 2D setting? For any symmetry that is locally imple-
mented, one can always obtain a symmetric and trivial product
state. The key observation resolving this apparent paradox is
that PH symmetry of the LLL is special, in that its action is
nonlocal. The nonlocality is ultimately tied to the fact that
the Landau level orbitals '

j

(r) cannot be localized due to the
topological nature of the LLL.

We conclude with a number of open questions of relevance
to both experiment and theory. First, given the experimen-
tal success in observing the phenomenology of a Dirac cone
in TI surfaces and a CF Fermi surface in GaAs, it would be
extremely interesting to find experimental probes of PH sym-
metry and the potential Dirac nature of CFs. Existing experi-
ments are already of some relevance, such as recent measure-
ments in Ref. 43 of CF “geometric resonances” induced by
small deviations of B-field away from half-filling. DMRG
could be of use in guiding and interpreting such experiments,
for instance by computing static structure factors, impurity re-
sponses, and the behavior of the CFL at ⌫ = 1

2

+ �.
Second, Son has proposed a PH-symmetric version of a

paired phase, the “PH-Pfaffian,”20 which has previously been
proposed as the surface topological order of a PH-symmetric
(class AIII) 3D topological superconductor.44 While our re-
sults appear to rule out this possibility in the n = 1 LL of
GaAs, it would be interesting to search for such a phase in
broader phase diagrams of PH-symmetric models.

Last but not least, similar theories with a surface of emer-
gent gapless fermions coupled to an emergent gauge field arise
for other exotic phases with itinerant fractionalized excita-
tions, such as spin liquids with a spinon Fermi sea, Bose-
metals, and electron non-Fermi-liquid metals. Much recent
theoretical effort has aimed to clarify the status of such field
theories,35,45,46 though it remains not fully settled away from
artificially controlled limits. Unbiased numerical studies of
the CFL thus bear directly on open questions for all these
other non-Fermi liquids. Recent numerical studies47 explored
quasi-1D ladder descendants of various non-Fermi liquids.
Thanks to many innovations in the DMRG for FQHE, the
present CFL work goes to effectively much wider strips and
is much closer to the 2D physics than the previous studies. It
would be useful to push the numerical CFL study yet closer to
2D and develop scaling analysis tools for addressing 2D ques-
tions, such as detailed characterization of the 2k

F

singularity
in the structure factor. Time-dependent DMRG could poten-
tially study the dynamical properties of a non-Fermi liquid,
which has not yet been investigated numerically.
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FIG. 1: Semiclassical scattering o↵ a ⇥-invariant smooth impurity. The contributions from the

two classical orbits where the momentum of the particle changes from k to �k clockwise and

counterclockwise must cancel each other exactly.

Particle-hole conjugation and the Berry phase of composite fermions

Having proven the auxiliary theorem, we now turn to the problem of the LLL. We will

use our theorem where the role of ⇥ now played by the particle-hole symmetry, which we

now specify more precisely.

Choose a given basis for one-particle orbitals on the LLL, numbered from 1 to M , with

M being the total number of magnetic flux going through the system. The particle-hole

conjugation ⇥ is an anti-unitary transformation which transform the empty Landau level to

a full Landau level

⇥|emptyi = |fulli ⌘ c†1c
†
2 . . . c

†
M |emptyi (1)

and which exchanges the creation and annhilation operators,

⇥c†k⇥
�1 = ck (2)

Standard manipulations now imply

⇥2|emptyi = c1c2 . . . cMc†1c
†
2 . . . c

†
M |emptyi = (�1)M(M�1)/2|emptyi (3)

In fact, it is easy to demonstrate that any state in the LLL has the same transformation

property under ⇥2:

⇥2|anyi = (�1)M(M�1)/2|anyi, |anyi = c†n1
c†n2

. . . c†nNe
|emptyi (4)

irrespective of Ne (the number of electrons in |anyi).
According to our assumption ii), at half filling states with M flux quanta corresponds to

states in a Fermi liquid of NCF = M/2 composite fermions, for even M . We obtain

⇥2 = (�1)NCF (5)

One now make an assumption

Suppression of Friedel oscillations in correlations of 
particle-hole symmetric observables

Geraedts, Zaletel, Mong, Metlitsky, 
Vishwanath, Montrunich, 2015

Ô = (⇢� ⇢0)r2⇢

Direct proof of Berry phase π of the composite fermion


