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From quarks to hadrons
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Hard kernel: QCD-SCET matching
[Bauer, Schwartz’06]

• Consider the QCD current J = ψ̄Γψ. In SCET:

J = c2O2 + c3O3 + c4O4 + · · ·
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• Matching equation (between operators):

J = c2 O2 + c3 O3 + c4 O4 + · · ·

• Matching can be done iteratively:

〈2| J |γ〉 = c2 〈2| O2 |γ〉

〈3| J |γ〉 = c2 〈3| O2 |γ〉 + c3 〈3| O3 |γ〉

〈4| J |γ〉 = c2 〈4| O2 |γ〉 + c3 〈4| O3 |γ〉 + c4 〈4| O4 |γ〉
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e+e− → Hadrons: 2-jet matching

c2(µ) = 1 −
αsCF

4π

[

8 −
π2

6
+ log2 (−Q2/µ2) − 3 log (−Q2/µ2)

]

O2 = χ̄1Γχ2

• Operators specified by tree level matching, demanding ci = 1.
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e+e− → Hadrons to O(α2
s)

• Up to 4-jet events are needed.

σ(e+e− → H)[α2
s ] ∼

∣
∣
∣c2(µ)O

(2)
2 (µ)

∣
∣
∣

2
(2 − loop)

+
∣
∣
∣c2(µ)O

(3)
2 (µ) + c3(µ)O

(3)
3 (µ)

∣
∣
∣

2
(1 − loop)

+
∣
∣
∣c2O

(4)
2 + c3O

(4)
3 + c4O4

∣
∣
∣

2
(tree level)

• Declaration of intent:

• Determine c3(µ) at 1 loop analytically (c2(µ) to 2 loops known);
• We want to show explicitly IR cancellations (need for IR regulators)

in order to understand the 2-jet to 3-jet transition in SCET.
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SCET operator basis

• In QCD,
ψ̄Γψ, Γ = 1, γ5, γµ, γµγ5, σµν

• In SCET, the absence of the soft spinor reduces the basis to

χ̄n1χn̄ χ̄nγ5χn̄ χ̄nγ
⊥
µ χn̄

• Operators for 3 and 4 collinear directions more complicated, involving
gauge-invariant operators χn,B

µ
n .

[Marcantonini, Stewart’07]

• It would be useful to compute the diagrams directly in terms of
gauge-invariant fields.
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QCD diagrammatics
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SCET diagrammatics
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A one-loop computational example

Collinear diagrams not computationally-friendly...

∼

∫
dd k

(2π)d

[
p/⊥k/⊥

n̄ · p(p + k)2k2
+ · · ·

]

• Modified Feynman parameters (inhomogeneous denominators):

1
anbm

=

∫ ∞

0
dλ2m Γ[n + m]

Γ[n]Γ[m]

λm−1

(a + 2bλ)m+n

• SCET (light-cone) diracology:

γ⊥
µ γ

µ
⊥ = d − 2
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diagram matching

• Is there a way to compute directly in terms of χn,B
µ
n ?

• Can the diagrammatics be simplified?
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Quantization of SCET
[Bauer, O.C., Ovanesyan’08]

• Original formulation of the theory:

Ln
I (ξn,An) = ξ̄n

[

in·Dn + iD/⊥n
1

i n̄·Dn
iD/⊥n

]
n̄/
2
ξn −

1
2

Tr F n
µνF µν

n

where the soft spinor can be either eliminated through EOM, or
integrated out.

• However, in order to build gauge-invariant operators, the following
collinear quark operators are preferable:

χn = W †
n ξn , Wn = P exp

[

−igs

∫ ∞

0
ds n̄·An(n̄s + x)

]

.

• The gluon field can also be made gauge-invariant through:

Dµ
n = W †

n Dµ
n Wn

= i∂µ
n + gsB

µ
n

where

Bµ
n =

[
1

n̄·∂
[i n̄·Dn, iD

µ
n ]

]

=
1
gs

[

W †
n iDµ

n Wn

]

,
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Quantization of SCET

• Therefore, in principle 4 possible (naive) formulations, only 3 used:

Ln
I (ξn,An) = ξ̄n

[

in·Dn + iD/⊥n
1

i n̄·Dn
iD/⊥n

]
n̄/
2
ξn −

1
2

Tr F n
µνF µν

n

Ln
II(χn,An) = χ̄nW †

n

[

in·Dn + iD/⊥n
1

i n̄·Dn
iD/⊥n

]
n̄/
2

Wnχn −
1
2

Tr F n
µνF µν

n

Ln
III(χn,Bn) = χ̄n

[

in·Dn + iD/⊥n
1

i n̄·∂
iD/⊥n

]
n̄/
2
χn −

1
2

TrFn
µνF

µν
n

• We want to proof that indeed

Ln
I (ξn,An) ≡ Ln

II(χn,An) ≡ Ln
III(χn,Bn)
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Quantization of SCETV (1)LI =
p p′

µ , A = igTAhn� + 
�?p=?�n�p + p=0?
�?�n�p0 � p=0?p=?�n�p0�n�p �n�i �n=2V (2)LI =
p p′

µ , A ν , B

q = ig2h TATB�n�(p�q)
�?
�? + TBTA�n�(q+p0)
�?
�?i �n=2 + (: : : )V (1)LII =
p p′

µ , A = V (1)LI + igTAh 1�n�(p�p0) � p2�n�p � p02�n�p0 � �n�i �n=2V (2)LII =
p p′

µ , A ν , B

q = V (2)LI + (: : : )V (1)LIII =
p p′

µ , A = igTAhn� + 
�?p=?�n�p + p=0?
�?�n�p0 i �n=2V (2)LIII =
p p′

µ , A ν , B

q = ig2h TATB�n�(p�q)
�?
�? + TBTA�n�(q+p0)
�?
�?i �n=2�LIII = A, B, νµ = �i ÆABk2+i� �g�� � �n�k�+�n�k��n�k �
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Quantization of SCET

• Equivalence not obvious. Consider for instance,

〈0|Tχn(x)χ̄n(y)|0〉 = 〈0|TW †
n (x)ξn(x)ξ̄n(y)Wn(y)|0〉

a) b) c) d)

• To actually check that

Ln
I (ξn,An) ≡ Ln

II(χn,An)

is relatively easy. One can show that

DI,a + DI,b + DI,c + DI,d = DII,a + DII,b = DI

DI = i
αsCF

4π
n/
2

n̄·p
p2

(
µ2

−p2

)ǫ [
4
ǫ2

+
3
ǫ

+ 7 −
π2

3

]

.

• However, a naïve computation with Ln
III(χn,Bn) seems to bring a puzzle.
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Quantization of SCET

• In order to proof the equivalence rigorously, one should go to the path
integrals for the actions.

Z [J] =

∫

Dξ̄nDξnDAµ
n exp

[

i
∫

d4x SI(ξn,A
µ
n , Jn)

]

SI =
∑

n

[
Ln

I + J̄ξ
n ξn + ξ̄nJξ

n + J̄χ
n W †

n ξn + ξ̄nWnJχ
n + JA

nµAµ
n + JB

nµB
µ
n (An)

+
∑

k

JkOk

(

W †
n ξn,B

µ
n (An)

)

where we enlarge the action with general external sources and

Ln
I (ξn,An) = ξ̄n

[

in·Dn + iD/⊥n
1

i n̄·Dn
iD/⊥n

]
n̄/
2
ξn −

1
2

Tr F n
µνF µν

n
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Quantization of SCET

• SII can be trivially worked out. Since the Wilson lines are unitary
W †

n Wn = 1, the Jacobian is trivial DξnDξ̄nDAµ
n = DχnDχ̄nDAµ

n and

Z [J] =

∫

Dχ̄nDχnDAµ
n exp

[

i
∫

d4x SII(χn,A
µ
n , Jn)

]

SII =
∑

n

[
Ln

II + J̄ξ
n Wnχn + χ̄nW †

n Jξ
n + J̄χ

n χn + χ̄nJχ
n + JA

nµAµ
n + JB

nµB
µ
n (An)

]

+
∑

k

JkOk (χn,Bn(An))

where

Ln
II(χn,An) = χ̄nW †

n

[

in·Dn + iD/⊥n
1

i n̄·Dn
iD/⊥n

]
n̄/
2

Wnχn −
1
2

Tr F n
µνF µν

n
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Quantization of SCET

• Subtleties arise however when moving from SII(ξ,A
µ
n ) → SIII(χ,B

µ
n ). Aµ

has initially 4 degrees of freedom, so gauge-fixing is necessary.
However, Bµ

n is gauge-invariant. The right degrees of freedom are
ensured by n̄·Bn = 0, which follows from

n̄ · Bn =
1
gs



W †
n i n̄ · DnWn

︸ ︷︷ ︸

0



 = 0

• We can reduce the gauge redundancy of the Aµ
n field through the

Faddeev-Popov procedure:

ZYM =

∫

Dα

∫

DAµ
n δ[G(An)] EG[An] ,

where

EG[An] = det
(
δG(Aα

n )

δα

)

[An] eiSYM[An ] .
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Quantization of SCET

• Then formally,

DAµ
n δ[G(An)] = JG[Bn]DBµ

n δ[n̄·Bn]

ZYM =

∫

DBµ
n δ[n̄·Bn] JG[Bn] EG[An(Bn)]

• In a general gauge the result is highly non-trivial. However, the
generating functional is gauge-invariant. A smart choice is Light-Cone
gauge, G(An) = n̄·An, which implies

Bµ
n = Aµ

n , JGLC [Bn] = 1 , ELC [Bn] = det(n̄·∂)eiSYM[Bn ]

• The gauge-invariant gluon propagator is therefore

(∆B)ab
µν(k) =

−iδab

k2 + iǫ

(

gµν −
n̄µkν + n̄νkµ

n̄·k

)

• Note: LC gauge is unitary and therefore ghost-free.
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SCET in a QCD disguise
• The goal is to describe SCET in terms of QCD interactions. Start with

Z [J] =

∫

Dψ̄nDψnDAµ
n exp

[

i
∫

d4x SQCD(ψn,An, J)

]

with

SQCD =
∑

n

[
LQCD

n + J̄ξ
nM

ξ
nψn + ψ̄nM̄

ξ
nJξ

n + J̄χ
n M

χ
nψn

+ψ̄nM̄
χ
n Jχ

n + JA
nµAµ

n + JB
nµB

µ
n (An)

]

+
∑

k

JkQk (ψn,An)

and
LQCD

n = ψ̄n iD/ψn

• We need to determine Mn and Qk such that the previous action is the
SCET action. We project the spinor field into ξn and φn and integrate
out the soft components using:
∫

DφDφ̄ exp

[

i
∫

d4x(φ̄Mφ+ J̄φ+ φ̄J)

]

= det(−iM) exp

[

−i
∫

d4xJ̄
1
M

J
]
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SCET in a QCD disguise

• The determinant is trivial:

det
(

n/
2

n̄·D
)

=

∫

DηnDη̄n exp

[

−

∫

d4x η̄n

(
n/
2

n̄·D
)

ηn

]

=

∫

Dη′nDη̄
′
n exp

[

−

∫

d4x η̄′n

(
n/
2

W †
n n̄·DWn

)

η′n

]

= det
(

n/
2

n̄·∂
)

,

• Alternatively, before integrating out the soft field,

L =
∑

n

∑

p,p′

e−i(p−p′)x
[

χ̄n,p′ iW †n · DW
n̄/
2
χn,p + φ̄n,p′ (iW †D/⊥W ) χn,p

+ φ̄n,p′ (i n̄ · ∂)
n/
2
φn,p + χ̄n,p′ (iW †D/⊥W ) φn,p

]
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SCET in a QCD disguise

• The result is

Z =

∫

Dξ̄nDξnDAµ
n exp

[

i
∫

d4x SSCET
]

with

SSCET(Jk = 0) =
∑

n

Ln
I + J̄ξ

nM
ξ
nRnξn + ξ̄nR̄nM̄

ξ
nJξ

n + J̄χ
n M

χ
n Rnξn

+ ξ̄nR̄nM̄
χ
n Jχ

n −
(

J̄ξ
nM

ξ
n + J̄χ

n M
χ
n

) 1
i n̄·D

n̄/
2

(

M̄ξ
nJξ

n + M̄χ
n Jχ

n

)

with

Rn =

[

1 +
1

i n̄·D
iD/⊥

n̄/
2

]



MOTIVATION DIFFERENT FORMULATIONS OF SCET YET ANOTHER ONE SUMMARY AND OUTLOOK

SCET in a QCD disguise

• Fulfilled if

Mξ
nRnξn ≡ ξn , Mχ

n Rnχn ≡ W †
n ξn

Two solutions:

Mξ
n = R−1

n or Mξ
n = Pn ,

Mχ
n = W †

n R
−1
n or Mχ

n = W †
n Pn

• We want to avoid proliferation of contact terms =⇒ Projector solution
Mξ

n = Pn.
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SCET in a QCD disguise

• For the external currents, use

Qk (ψn,An) = Ok (W
†
n Pnψn,Bn(An))

• The final answer then reads

SQCD =
∑

n

[
LQCD

n + J̄ξ
n Pnψn + ψ̄nPn̄Jξ

n + J̄χ
n W †

n Pnψn

+ψ̄nPn̄WnJχ
n + JA

nµAµ
n + JB

nµB
µ
n (An)

]

+
∑

k

JkOk (W
†
n Pnψn,Bn(An))

• The collinear sector of SCET is a sum of multiple copies of QCD-like
Lagrangians, whose interactions are mediated by Ok .

• usoft degrees of freedom treated conventionally.
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Summary

• We provided the rules for directly computing SCET correlators with
gauge-invariant fields (χn,B

µ
n ) from a path integral approach to SCET. It

turns out that the full theory in terms of gauge-invariant fields is
equivalent to a light-cone gauge-fixed SCET in the Landau gauge
(ξ = 0).

• Matching can in principle be greatly simplified if one computes in the
QCD-like interaction representation of SCET.
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Things (I) still do not understand

• Prescriptions for the spurious poles in LC gauge troublesome... One
possibility is the Mandelstam-Leibbrandt prescription,

(∆B)ab
µν(k) =

−iδab

k2 + iǫ

(

gµν − n·k
n̄µkν + n̄νkµ

n̄·kn·k + iε

)

• There should be a compact expression like

Lc
matching ≃ QCDn(ψ,Aµ) − SCET (ψ,Aµ)

to compute the QCD-SCET matching.

• Applications?
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